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THE MAIN CONJECTURE OF IWASAWA THEORY FOR
TOTALLY REAL FIELDS
MAHESH KAKDE
University College London
Abstract. The purpose of this paper is to prove the main conjecture of non-
commutative Iwasawa theory for p-adic Lie extensions for totally real fields, for
an odd prime p, assuming Iwasawa’s conjecture on vanishing of the cyclotomic
µ-invariant for certain CM extension of the base field.
Contents
1. Introduction 2
2. Statement of the main conjecture 4
2.1. The set up 4
2.2. K-theory 5
2.3. The arithmetic side of the main conjecture 9
2.4. The analytic side of the main conjecture 11
2.5. The Statement 13
3. Classical Iwasawa main conjecture 14
4. Various reductions 17
4.1. Reduction to one dimensional case 17
4.2. Reduction to Qp-elementary extensions 20
4.3. The case of l-Qp-elementary for l 6= p 23
4.4. Reduction to p-elementary extensions 27
5. The main algebraic results 30
5.1. Notations 30
5.2. Statements of the main algebraic theorems 34
5.3. An additive theorem 36
5.4. Logarithm for Iwasawa algebras 42
5.5. Integral logarithm 48
5.6. Relation between the maps θ and β 51
5.7. Proof of the main algebraic theorems 58
6. Arithmetic side of the proof 66
E-mail address: kakdem@math.ucl.ac.uk.
Date: May 17, 2018.
1
2 IWASAWA THEORY FOR TOTALLY REAL FIELDS
6.1. The strategy of Burns and Kato 66
6.2. Basic congruences 69
6.3. L-values 69
6.4. Approximation to p-adic zeta functions 70
6.5. A sufficient condition to prove the basic congruences 73
6.6. Hilbert modular forms 77
6.7. Restrictions along diagonal 78
6.8. Cusps 79
6.9. A Hecke operator 79
6.10. Eisenstein series 80
6.11. The q-expansion principle 81
6.12. Proof of the sufficient conditions in section 6.5 81
6.13. Proof of M4. from the basic congruences 86
References 90
1. Introduction
Iwasawa theory studies the mysterious relationship between purely arithmetic
objects and special values of complex L-functions. A precise form of this relation-
ship is usually called the “main conjecture”. Historically, the first version of this
main conjecture was stated for the cyclotomic Zp-extension of totally real number
fields. In the last decade this main conjecture has been vastly generalised to all
p-adic Lie extensions of a totally real number field containing the cyclotomic Zp-
extension of the base field. The aim of this paper is to prove the main conjecture
of “noncommutative Iwasawa theory” for p-adic Lie extensions, for an odd prime
p, of totally real number fields assuming that the Iwasawa µ invariant of a certain
CM extension of the base field vanishes (see definition 8). Throughout this paper
p is a fixed odd prime number.
The details of contents in the paper are as follows: In section 2 we set up the
notation, recall some definitions and results from algebraic K-theory and state
our main theorem. This is the main conjecture of Iwasawa theory for totally real
number fields.
In section 3 we recall the results proven by Deligne-Ribet [8] , Cassou-Nogues
[4], and Barsky [1] on the construction of p-adic zeta functions in commutative
Iwasawa theory and the statement of the main conjecture of classical Iwasawa
theory as proven by Wiles [44], Mazur-Wiles [25] and Rubin [24]. In this section
we also prove that under the assumption ‘hypothesis µ = 0 (definition 8) is true’
the main theorem for extensions whose Galois group is of the form G ×∆, where
G is an abelian p-adic Lie group and ∆ is a finite group of order prime to p, can
be easily deduced from the result of Wiles, Mazur-Wiles and Rubin (see theorem
18).
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In section 4 we prove several algebraic results and obtain various reductions.
Burns and Kato made a beautiful observation which is used in all our reduction
steps. It can be described as follows: for an open subgroup U of G and a closed
normal subgroup V of U , then we have a map
θU,V : K
′
1(Λ(G))→ K
′
1(Λ(U))→ K
′
1(Λ(U/V )),
which is a composition of the norm map and the map induced by natural surjection.
Similarly, we have a map
θU,V,S : K
′
1(Λ(G)S)→ K
′
1(Λ(U/V )S),
where S is the canonical Ore set defined by Coates et.al. [6] (see subsection 2.1).
If we wish to reduce the proof of main conjecture for an extension with Galois
group G to a class of subquotients, say Cl(G), we must describe the kernel and the
image of the map
(θU,V )U/V ∈Cl(G) : K
′
1(Λ(G))→
∏
Cl(G)
K ′1(Λ(U/V )),
and prove that
Im((θU,V,S)Cl(G)) ∩
∏
Cl(G)
ι(K ′1(Λ(U/V ))) = ι(Im((θU,V )Cl(G))),
where ι is the natural map K ′1(Λ(·)) → K
′
1(Λ(·)S). The above intersection takes
place in
∏
Cl(G)K
′
1(Λ(U/V )S).
We first reduce the proof of the main conjecture for arbitrary p-adic Lie ex-
tensions to those of one dimensional p-adic Lie extensions (theorem 21). This
reduction is a result of Burns [2] presented differently here. Next we reduce the
proof of the main conjecture of one dimensional p-adic Lie extensions to the case
when the p-adic Lie group has a Qp-elementary quotient (see definition 23) by
an open central pro-cyclic subgroup (theorem 27). This reduction uses induction
theory of Dress [9]. The l-Qp-elementary case, for l 6= p, is unsurprisingly easier
and is handled first by the algebraic result of proposition 30 and the theorem 18.
The p-Qp-elementary case is reduced to the case pro-p × ∆, where ∆ is a finite
cyclic group of order prime to p, using ideas from Oliver [27] chapter 12. This is
theorem 36.
In section 5 we describe the Whitehead group of the Iwasawa algebra of a one
dimensional pro-p, p-adic Lie group in terms of the Whitehead groups of Iwasawa
algebras of abelian subquotients of the group. We also prove a result about White-
head groups of a localisation of the Iwasawa algebra used in the formulation of
the main conjecture (see definition 51 and theorems 52 and 53). Such theorems
were first proven by Kato [21] for Iwasawa algebra of open subgroups of Zp ⋊Z×p .
The strategy we use for proving these theorems is a generalisation of the strategy
Kato used in [22] for p-adic Heisenberg groups. It uses the integral logarithm of
Oliver and Taylor. This strategy was used by the author to prove such algebraic
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theorem for pro-p meta-abelian groups in [19] and by Hara for the groups of the
form H×Zp, where H is a finite group of exponent p, in [15]. The author believes
that results in sections 4 and 5 will be useful in handling noncommutative main
conjectures for other motives. Hence the results in these sections are presented in
a self contained manner independent of other sections in the paper.
Thanks to the observation of Burns and Kato mentioned above and Wiles’ the-
orem (the abelian main conjecture), the algebraic results in section 5 reduces the
proof of the main conjecture to verifying certain congruences between the Deligne-
Ribet, Cassou-Nogues, Barsky p-adic L-functions (here we are using the hypothesis
µ = 0). This is explained in section 6, proposition 93 (see also the paper of Burns
[2]). The required congruences, theorem 94, are proven using the Deligne-Ribet
q-expansion principle. The author learned about the use of q-expansion principle
from the preprint of Kato [22], however, here we follow the more elementary ap-
proach of Ritter-Weiss [30]. The proof of the congruences is presented in section
6 after a quick introduction to the theory of Hilbert modular forms in subsections
6.6-6.11 respectively.
I have accumulated quite a debt of gratitude in writing this paper. Most of all
to my teacher Professor John Coates for introducing me to this problem, many
invaluable suggestions and discussions and for constant inspiration. To Professor
Kazuya Kato for generously sharing his ideas on the main conjecture with me while
I was a graduate student in Cambridge. To Professor David Burns for motivating
discussions and much needed encouragement towards the end of this paper. I
would like to thank Professor Peter Schneider and Professor Otmar Venjakob for
carefully reading an earlier version of the manuscript and pointing out several
errors. Much of this work was done while I was visiting Newton Institute for the
programme on “Non-Abelian Fundamental Groups in Arithmetic Geometry” and
I thank the organisers, especially Professor Minhyong Kim, for inviting me and
providing a very stimulating environment.
2. Statement of the main conjecture
In this section we formulate the main conjecture in noncommutative Iwasawa
theory for totally real number fields following Coates et. al. [6].
2.1. The set up. Let F be a totally real number field of degree r over Q. Let p
be an odd prime. The field F (µp∞) = ∪n≥1F (µpn), where µpn denotes the group
of pnth roots of unity, contains a unique Galois extension of F whose Galois group
over F is isomorphic to the additive group of p-adic integers Zp. This extension is
called the cyclotomic Zp-extension of F and we denote it by F cyc. We write Γ for
the Galois group of F cyc over F .
Definition 1. An admissible p-adic Lie extension F∞ of F is a Galois extension
F∞ of F such that (i)F∞/F is unramified outside a finite set of primes of F ,
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(ii) F∞ is totally real, (iii) G := Gal(F∞/F ) is a p-adic Lie group, and (iv) F∞
contains F cyc.
From now on, F∞/F will denote an admissible p-adic Lie extension, and we put
G = Gal(F∞/F ), H = Gal(F∞/F
cyc), Γ = G/H.
Let Σ denote a finite set of finite primes of F which will always be assumed to
contain the primes of F which ramify in F∞. For an extension L of F we denote
the set of primes in L lying above Σ by ΣL.
For any profinite group P , and the ring of integers O in a finite extension of Qp,
we define the Iwasawa algebra
ΛO(P ) := lim←−
U
O[P/U ],
where U runs through the open normal subgroups of P , and O[P/U ] denotes the
group ring of P/U with coefficients in O. When O = Zp, we write simply Λ(P ).
Unless stated otherwise, we shall consider left modules over the Iwasawa algebras
ΛO(P ). Following Coates et. al. [6], we define
S(G, H) = {s ∈ ΛO(G) : ΛO(G)/ΛO(G)s is a finitely generated ΛO(H)−module}.
We will usually write just S for S(G, H) since G and H should be clear from
context. It is proven in loc. cit., that S is multiplicatively closed subset of nonzero
divisors in ΛO(G), which is a left and right Ore set. Hence the localisation ΛO(G)S
of ΛO(G) exists, and the natural map from ΛO(G) to ΛO(G)S is injective. A ΛO(G)-
module M is called S-torsion if every element ofM is annihilated by some element
in S. It is proven in loc. cit. that a ΛO(G)-module M is S-torsion if and only if it
is finitely generated as a ΛO(H)-module.
2.2. K-theory. In this subsection we recall a few notions from algebraicK-theory.
Most of this part is based on the introductory section of Fukaya-Kato [12].
Definition 2. For any ring Λ, the group K0(Λ) is an abelian group, whose group
law we denote additively, defined by the following set of generators and relations.
Generators : [P ], where P is a finitely generated projective Λ-module. Relations:
(i) [P ] = [Q] if P is isomorphic to Q as a Λ-module, and (ii) [P ⊕Q] = [P ] + [Q].
It is easily seen that any element of K0(Λ) can be written as [P ]− [Q] for finitely
generated projective Λ-modules P and Q. Moreover, [P ] − [Q] = [P ′] − [Q′] in
K0(Λ) if and only if there is a finitely generated projective Λ-module R such that
P ⊕Q′ ⊕ R is isomorphic to P ′ ⊕Q⊕ R.
Definition 3. For any ring Λ, the group K1(Λ) is an abelian group, whose group
law we denote multiplicatively, defined by the following generators and relations.
Generators : [P, α], where P is a finitely generated projective Λ-module and α is
an automorphism of P . Relations : (i) [P, α] = [Q, β] if there is an isomorphism
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f from P to Q such that f ◦ α = β ◦ f , (ii) [P, α ◦ β] = [P, α][P, β], and (iii)
[P ⊕Q,α⊕ β] = [P, α][Q, β].
Here is an alternate description of K1(Λ). We have a canonical homomorphism
GLn(Λ)→ K1(Λ) defined by mapping α in GLn(Λ) to [Λ
n, α], where Λn is regarded
as a set of row vectors and α acts on them from the right. Now using the inclusion
maps GLn(Λ) →֒ GLn+1(Λ) given by g 7→
(
g 0
0 1
)
, we let
GL(Λ) = ∪n≥1GLn(Λ).
Then the canonical homomorphisms GLn(Λ) → K1(Λ) induce an isomorphism
(see for example Oliver [27], chapter 1)
GL(Λ)
[GL(Λ), GL(Λ)]
∼
−→ K1(Λ),
where [GL(Λ), GL(Λ)] is the commutator subgroup ofGL(Λ). If Λ is commutative,
then the determinant maps, GLn(Λ)→ Λ×, induce the determinant map
det : K1(Λ)→ Λ
×,
via the above isomorphism. This gives a splitting of the canonical homomorphism
Λ× = GL1(Λ) → K1(Λ). If Λ is semilocal then Vaserstein ([39] and [40]) proves
that the canonical homomorphism Λ× = GL1(Λ) → K1(Λ) is surjective. From
these two facts we conclude that if Λ is a semilocal commutative ring, then the
determinant map induces a group isomorphism between K1(Λ) and Λ
×.
Example: If P is a compact p-adic Lie group, then ΛO(P ) is a semilocal ring.
Hence if P is an abelian compact p-adic Lie group then K1(ΛO(P )) ∼= ΛO(P )×.
Let I ⊂ Λ be any ideal. Denote the group of invertible matrices in GL(Λ) which
are congruent to the identity modulo I by GL(Λ, I). Denote the smallest normal
subgroup of GL(Λ) containing all elementary matrices congruent to the identity
modulo I by E(Λ, I). Finally, set K1(Λ, I) = GL(Λ, I)/E(Λ, I). A lemma of
Whitehead says that E(Λ, I) = [GL(Λ), GL(Λ, I)]. Hence K1(Λ, I) is an abelian
group.
Let f : Λ → Λ′ be a ring homomorphism. We consider the category Cf of all
triplets (P, α,Q), where P and Q are finitely generated projective Λ-modules and
α is an isomorphism between Λ′ ⊗Λ P and Λ′ ⊗Λ Q as Λ′-modules. A morphism
between (P, α,Q) and (P ′, α′, Q′) is a pair of Λ-module morphisms g : P → P ′
and h : Q→ Q′ such that
α′ ◦ (IdΛ′ ⊗ g) = (IdΛ′ ⊗ h) ◦ α.
It is an isomorphism if both g and h are isomorphisms. A sequence of maps
0→ (P ′, α′, Q′)→ (P, α,Q)→ (P ′′, α′′, Q′′)→ 0,
is a short exact sequence if the underlying sequences
0→ P ′ → P → P ′′ → 0, and
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0→ Q′ → Q→ Q′′ → 0,
are short exact sequences.
Definition 4. For any ring homomorphism f : Λ → Λ′, the group K0(f) is an
abelian group, whose group law we denote additively, defined by the following gen-
erators and relations. Generators : [(P, α,Q)], where (P, α,Q) is an object in Cf .
Relations : (i) [(P, α,Q)] = [(P ′, α′, Q′)] if (P, α,Q) is isomorphic to (P ′, α′, Q′),
(ii) [(P, α,Q)] = [(P ′, α′, Q′)] + [(P ′′, α′′, Q′′)] for every short exact sequence as
above and (iii) [(P1, β ◦ α, P3)] = [(P1, α, P2)] + [(P2, β, P3)].
For the canonical injection, say i, of Λ(G) in Λ(G)S, we write K0(Λ(G),Λ(G)S) for
K0(i) and call it the relative K0. We give two other descriptions of this group
K0(Λ(G),Λ(G)S). For details see Weibel [43]. Let CS be the category of bounded
complexes of finitely generated projective Λ(G)-modules whose cohomologies are
S-torsion. Consider the abelian group K0(CS) with the following set of generators
and relations. Generators : [C], where C is an object of CS. Relations : (i) [C] = 0
if C is acyclic, and (ii) [C] = [C ′] + [C ′′], for every short exact sequence
0→ C ′ → C → C ′′ → 0,
in CS.
Let HS be the category of finitely generated Λ(G)-modules which are S-torsion
and which have a finite resolution by finitely generated projective Λ(G)-modules.
Let K0(HS) be the abelian group defined by the following set of generators and
relations. Generators : [M ], where M is an object of HS. Relations : (i) [M ] =
[M ′] if M is isomorphic to M ′, and (ii) [M ] = [M ′] + [M ′′] for every short exact
sequence
0→M ′ →M → M ′′ → 0,
of modules in HS. There are isomorphisms
K0(Λ(G),Λ(G)S)
∼
−→ K0(CS), and
K0(Λ(G),Λ(G)S)
∼
−→ K0(HS),
given as follows. First observe that every isomorphism α from Λ(G)S ⊗Λ(G) P to
Λ(G)S ⊗Λ(G)Q is of the form s−1a with a a Λ(G)-homomorphism from P to Q and
s an element of S. Then the above mentioned isomorphisms are respectively given
by
[(P, α,Q)] 7→ [P
a
−→ Q]− [Q
s
−→ Q], and
[(P, α,Q)] 7→ [Q/a(P )]− [Q/Qs].
The relative K0 fits into the localisation exact sequence of K-theory
K1(Λ(G))→ K1(Λ(G)S)
∂
−→ K0(Λ(G),Λ(G)S)
η
−→ K0(Λ(G))→ K0(Λ(G)S).
The homomorphism ∂ maps α in K1(Λ(G)S) to [(Λ(G)n, α˜,Λ(G)n)], where α˜ is any
lift of α in GL∞(Λ(G)S) and α˜ lies in GLn(Λ(G)S). The homomorphism η maps
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[(P, α,Q)] to [P ]− [Q] in K0(Λ(G)). The following lemma is essentially proven in
Coates et.al. [6] under the assumption that G has no element of order p. The same
technique gives this more general result as we now show.
Lemma 5. The homomorphism ∂ is surjective.
Proof: We will show that the homomorphism η is 0. Fix a pro-p open normal
subgroup P of G, and put ∆ = G/P . We write V = V(∆) for the set of irreducible
representations of the finite group ∆ over Q¯p and we take L to be some fixed
finite extension of Qp such that all representations in V can be realised over L.
Recall the construction in Coates et.al. [6] of the canonical homomorphism λ from
K0(Λ(G)) to
∏
ρ∈V K0(L). It is the composition λ = λ4 ◦λ3 ◦λ2 ◦λ1 of four natural
maps λi (i = 1, 2, 3, 4) as follows
λ1 : K0(Λ(G))→ K0(Zp[∆]),
λ2 : K0(Zp[∆])→ K0(Qp[∆]),
λ3 : K0(Qp[∆])→ K0(L[∆]),
λ4 : K0(L[∆])
∼
−→
∏
ρ∈V
K0(Mnρ(L))
∼
−→
∏
ρ∈V
K0(L).
It can be shown that λ1, λ2, and λ3 are injective. Hence λ is injective as well.
We now recall an alternate description of λ given in loc. cit.. The augmentation
map from ΛO(G) to O induces a map from K0(ΛO(G)) to K0(O) which we denote
by τ . Let U be a finitely generated ΛO(G)-module having a finite resolution by
finitely generated projective ΛO(G)-modules. Then one can define the class of U ,
denoted by [U ], in K0(ΛO(G)). Since O is a domain, K0(O) can be identified with
the Grothendieck group of the category of all finitely generated O-modules. Then
τ is explicitly given by
τ([U ]) =
∑
i≥0
(−1)i[Hi(G, U)].
τ factors through the map
ǫ : K0(ΛO(G))→ K0(ΛO(Γ)),
given by the natural surjection of ΛO(G) on ΛO(Γ). Moreover, ǫ is given explicitly
by
ǫ([U ]) =
∑
i≥0
(−1)i[Hi(H,U)].
Now take O to be the ring of integers of L and j be the isomorphism from K0(O)
to K0(L) induced by the inclusion of O in L. Let twρ(U) be defined by U ⊗ZpO
nρ ,
for any ρ in V. It can be made into a left G module by the diagonal action. This
action extends to make twρ(U) a Λ(G)-module. It is proven in Venjakob [41] that
twρ(U) is a finitely generated S-torsion Λ(G)-module if U is.
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We now finish the proof. Take [(P, α,Q)] in K0(Λ(G),Λ(G)S). As remarked ear-
lier, α is of the form s−1a, with a a Λ(G)-homomorphism from P to Q and s is an
element of S. We will show that [Q/a(P )] is 0 in K0(Λ(G)). Put M = Q/a(P ).
Then Hi(H, twρ(M)) is a ΛO(Γ)-torsion module for all i ≥ 0 and thus its class in
K0(ΛO(Γ)) vanishes. Hence it follows that ǫ([twρ(M)]) = 0, whence τ([twρ(M)]) =
0 for all ρ in V. But this implies that λ([M ]) = 0 and so [M ] = 0 in K0(Λ(G)).
This completes the proof. 
It will be more convenient to work with a slight modification of the K1 group
which we now define. Lets put Λ̂O(G)S as the p-adic completion of the ring ΛO(G)S.
Definition 6. Let O be the ring of integers in a finite extension L of Qp. Let P be
a finite group. We define SK1(O[P ]) = ker(K1(O[P ]) → K1(L[P ])). For a pro-
finite group G = lim
←−
U
G/U , we define SK1(ΛO(G)) := lim←−
U
SK1(O[G/U ]). We define
SK1(ΛO(G)S) and SK1(Λ̂O(G)S) to be the image of SK1(ΛO(G)) in K1(Λ(G)S) and
K1(Λ̂O(G)S) respectively under the natural maps
K1(ΛO(G))→ K1(ΛO(G)S),
and
K1(ΛO(G))→ K1(Λ̂O(G)S).
Definition 7. Let R be either ΛO(G) or ΛO(G)S or Λ̂O(G)S, then we define
K ′1(R) = K1(R)/SK1(R).
2.3. The arithmetic side of the main conjecture. We now explain the basic
arithmetic objects attached to F∞/F needed to formulate the main conjecture.
Let M∞ be the maximal abelian p-extension of F∞, which is unramified outside
the set of primes above Σ. As usual G acts on Gal(M∞/F∞) by g · x = g˜xg˜−1,
where g is in G, and g˜ is any lifting of g to Gal(M∞/F ). This action extends to a
left action of Λ(G).
Definition 8. We say that F∞/F satisfies the hypothesis µ = 0 if there exists a
pro-p open subgroup H ′ of H such that the Galois group over FH
′
∞ of the maximal
abelian p-extension of FH
′
∞ unramified outside Σ is a finitely generated Zp-module.
Let L be a finite extension of F such that Lcyc = FH
′
∞ . Then the above hypothesis
is equivalent to vanishing of the Iwasawa µ-invariant of L(µp). This vanishing of
the µ-invariant is a special case of a general conjecture of Iwasawa asserting that,
for every finite extension K of Q, the Galois group over Kcyc of the maximal un-
ramified abelian p-extension of Kcyc is a finitely generated Zp-module. When K
10 IWASAWA THEORY FOR TOTALLY REAL FIELDS
is an abelian extension of Q, this conjecture is proven by Ferrero-Washington [10]
(A different proof is given by Sinnott [38]).
Lemma 9. Gal(M∞/F∞) is finitely generated over Λ(H) if and only if F∞/F
satisfies the hypothesis µ = 0.
Proof: Put X = Gal(M∞/F∞), and let H
′ be any pro-p open subgroup of H .
Thus Λ(H ′) is a local ring. It follows from Nakayama’s lemma that X is finitely
generated over Λ(H) if and only if XH′ is a finitely generated Zp-module. Let
FΣ denote the maximal pro-p extension of F∞ which is unramified outside primes
above Σ. Then FΣ is Galois over F . Let K∞ = F
H′
∞ . Then we have the inflation-
restriction exact sequence
0→ H1(H ′,Qp/Zp)→ H1(Gal(FΣ/K∞),Qp/Zp)
→ H1(Gal(FΣ/F∞),Qp/Zp)H
′
→ H2(H ′,Qp/Zp).
As H ′ is a p-adic Lie group, H i(H ′,Qp/Zp) are cofinitely generated Zp-modules
for all i ≥ 0. Moreover, since Gal(FΣ/F ) acts trivially on Qp/Zp, we have
H1(Gal(FΣ/L),Qp/Zp) = Hom(Gal(ML/L),Qp/Zp),
for every intermediate field L with FΣ ⊃ L ⊃ F ; here ML denotes the maximal
abelian p-extension of L which is unramified outside ΣL. We conclude from the
above exact sequence that XH′ is a finitely generated Zp-module if and only if
Gal(MK∞/K∞) is a finitely generated Zp-module. The conclusion of the lemma is
now plain since Gal(MK∞/K∞) being a finitely generated Zp-module is precisely
the hypothesis µ = 0 for some open subgroup H ′. 
In the view of the lemma, we shall henceforth make the following
Assumption: Our admissible p-adic Lie extension F∞/F satisfies the hypothesis
µ = 0.
Remark 10. When F∞ = F
cyc, Iwasawa [18] proves that X = Gal(M∞/F∞) is
a finitely generated Λ(Γ)-torsion module by showing that the ‘Leopoldt defect’ is
bounded in the cyclotomic extension. When G is a p-adic Lie group of dimension
greater than 1, Ochi and Venjakob [26] show that X is finitely generated Λ(G)-
torsion module.
The group X = Gal(M∞/F∞) is a fundamental arithmetic object which is
studied through the main conjecture. The above lemma shows that X is a S-
torsion module, however, if G has elements of order p, then X may not have a
finite resolution by finitely generated projective Λ(G)-modules. In our approach
to the proof of the main conjecture it is necessary to consider G having elements
of order p. So we consider a complex of Λ(G)-modules which is closely related to
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X , and is quasi-isomorphic to a bounded complex of finitely generated projective
Λ(G)-modules. We put C(F∞/F ) to be the complex
C(F∞/F ) = RHom(RΓe´t(Spec(OF∞ [
1
Σ
]),Qp/Zp),Qp/Zp).
Here Qp/Zp is the constant sheaf corresponding to the abelian group Qp/Zp on the
e´tale site of Spec(OF∞ [
1
Σ
]). Since Qp/Zp is a direct limit of finite abelian groups
of p-power order, we have an isomorphism with Galois cohomology
RΓe´t(Spec(OF∞ [
1
Σ
]),Qp.Zp)
∼
−→ RΓ(Gal(FΣ/F∞),Qp/Zp).
Here FΣ is the maximal p-extension of F∞ unramified outside primes above Σ.
Then
H i(C(F∞/F )) =


0 if i 6= 0,−1
Zp if i = 0
Gal(M∞/F∞) if i = −1.
The following results are proven in Fukaya-Kato [12].
(i) The complex C(F∞/F ) is quasi-isomorphic to a bounded complex of finitely
generated projective Λ(G)-modules. By passing to the derived category we identify
C(F∞/F ) with a quasi-isomorphic bounded complex of finitely generated Λ(G)-
modules.
(ii) If F ⊂ K ⊂ F∞ is any extension of F , then
(1) Λ(Gal(K/F ))⊗LΛ(G) C(F∞/F )
∼
−→ C(K/F ),
where Λ(G) acts on the right on Λ(Gal(K/F )) through the natural surjection of
Λ(G) on Λ(Gal(K/F )) and C(K/F ) is the complex
C(K/F ) = RHom(RΓe´t(Spec(OK [
1
Σ
]),Qp/Zp),Qp/Zp).
By lemma 9, we know that C(F∞/F ) is S-torsion i.e. Λ(G)S ⊗LΛ(G) C(F∞/F ) is
acyclic. Hence we can talk about the class of C(F∞/F ), denoted by [C(F∞/F )],
in the group K0(Λ(G),Λ(G)S).
2.4. The analytic side of the main conjecture. We now explain the analytic
objects in the Iwasawa theory of F∞/F needed for formulating the main conjecture.
Let ρ be an Artin representation (i.e. kernel of ρ is open) of Gal(F/F ) on a finite
dimensional vector space over Qp, factoring through G. Let α be an embedding
of Qp in C. The resulting complex Artin representation α ◦ ρ gives the complex
Artin L-function L(α ◦ ρ, s). A famous result of Klingen [23] and Siegel [35] says
that L(α ◦ ρ,−n) is an algebraic number for any odd positive integer n. This
number depends on the choice of α. If α is replaced by another embedding then
we get a conjugate of the algebraic number L(α ◦ ρ,−n) over Q. However, the
beauty of the result of Klingen and Siegel is that it makes it possible to choose a
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canonical conjugate. Hence we obtain an algebraic number L(ρ,−n), “the value of
complex L-function associated to ρ at −n”. For details see section 1.2 in Coates-
Lichtenbaum [7] (when ρ is one dimensional see equation (15) below in section 6.3.
For ρ of higher dimension one has to use Brauer’s induction theorem). Similarly,
we can define the value of complex L-function associated to ρ at −n with Euler
factors at primes in Σ removed. We denote it by LΣ(ρ,−n). This value obviously
depends only on the character associated to ρ. We use the same letter to denote
Artin representation and its character.
Let L be a finite extension of Qp with ring of integers O. Let ρ be a continuous
homomorphism from G into GLn(O). It induces a ring homomorphism from Λ(G)
into Mn(ΛO(Γ)). This homomorphism is given on elements of G by mapping σ in
G to ρ(σ)σ, where σ is the image of σ in Γ. We write QO(Γ) for the field of fraction
of ΛO(Γ). It is proven in [6] that this homomorphism extends to a homomorphism
Φρ : Λ(G)S →Mn(QO(Γ)).
Φρ induces a homomorphism
Φ′ρ : K
′
1(Λ(G)S)→ K1(Mn(QO(Γ))) = QO(Γ)
×.
Now let ϕ be the augmentation map from ΛO(Γ) to O. We denote its kernel by
p. If we write ΛO(Γ)p for the localisation of ΛO(Γ) at the prime ideal p, then ϕ
extends to a homomorphism
ϕ : ΛO(Γ)p → L.
We extend this map to a map ϕ′ from QO(Γ) to L ∪ {∞} by mapping any x in
QO(Γ)− ΛO(Γ)p to ∞. The composition of Φ′ρ with ϕ
′ gives a map
K ′1(Λ(G)S)→ L ∪ {∞}
x 7→ x(ρ).
In the classical Iwasawa theory x(ρ) would be written as
∫
G
ρdx.
This map has the following properties:
(i) Let G ′ be an open subgroup of G. Let χ be an one dimensional representation
of G ′ and ρ = IndGG′(χ). If N is the norm map from K
′
1(Λ(G)S) to K
′
1(Λ(G
′)S),
then for any x in K ′1(Λ(G)S), we have x(ρ) = (Nx)(χ). Note that Λ(G)S is a free
Λ(G ′)S-module of finite rank as proven in [33], proposition 4.5 (i).
(ii) Let ρi be continuous homomorphisms from G into GLni(L), for i = 1, 2. We
then get a continuous homomorphism ρ1 ⊕ ρ2 from G into GLn1+n2(L). Then for
any x in K ′1(Λ(G)S), x(ρ1 ⊕ ρ2) = x(ρ1)x(ρ2).
(iii) Let U be a subgroup of H , normal in G. Let π be the homomorphism
from K ′1(Λ(G)S) to K
′
1(Λ(G/U)S) induced by the natural surjection of Λ(G)S onto
Λ(G/U)S. Let ρ be a continuous homomorphism of G/U into GLn(L). We write
inf(ρ) for the composition of the natural surjection from G onto G/U with ρ. Then
for any x in K1(Λ(G)S), we have x(inf(ρ)) = π(x)(ρ).
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2.5. The Statement. Notation: Let κF be the p-adic cyclotomic character
Gal(F (µp∞)/F )→ Z×p ,
defined by
σ(ζ) = ζκF (σ),
for any σ in Gal(F (µp∞)/F ) and any p-power root of unity ζ .
We are now ready to state the main conjecture. Recall the localisation sequence
of K-theory
K ′1(Λ(G))→ K
′
1(Λ(G)S)
∂
−→ K0(Λ(G),Λ(G)S)→ 0.
Theorem 11. (Main Conjecture) Let F∞/F be an admissible p-adic Lie exten-
sion satisfying the hypothesis µ = 0. Then there is a unique ζ(F∞/F ) in K
′
1(Λ(G)S)
such that ∂(ζ(F∞/F )) = −[C(F∞/F )] and for any Artin character ρ of G and any
positive integer r divisible by [F∞(µp) : F∞],
ζ(F∞/F )(ρκ
r
F ) = LΣ(ρ, 1− r).
Remark 12. The Main Conjecture in this form was first formulated by Kato
[20], and Fontaine and Perrin-Riou [11] in the case when G is abelian. This was
generalised to include noncommutative groups G by Burns and Flach [3], Huber
and Kings [17], Coates et.al. [6], and Fukaya and Kato [12]. The case of one
dimensional p-adic Lie groups was considered by Ritter and Weiss in [29] and
proved very recently in [32]. Using their result D. Burns [2] proved the general case.
We must warn that in all above sources the p-adic zeta function is conjectured to
live in K1 as opposed to K
′
1 and hence uniqueness may not hold. However, the two
versions are equivalent because SK1(Λ(G)S) = Ker(∂) ∩ (∩ρKer(ϕ′ ◦ Φ′ρ)), where
ρ runs through all Artin representations of G, as proven by Burns [2].
Remark 13. ζ(F∞/F ) is called a p-adic zeta function for the extension F∞/F .
It depends on Σ but we suppress this fact in the notation. If G is abelian then
existence and uniqueness of the p-adic zeta function is well known, as we will soon
see.
Remark 14. One can show that the validity of the Main Conjecture is independent
of Σ as long as it contains all primes of F which ramify in F∞.
Example: Let F = Q(µp)+. We take F∞ to be the maximal abelian p-extension
of F cyc unramified outside the unique prime above p. Then F∞ is Galois over F .
If p is an irregular prime then dimension of G = Gal(F∞/F ) is more than 1. Our
main theorem applies unconditionally to F∞/F since validity of the hypothesis
µ = 0 for F∞/F is a theorem of Ferrero-Washington [10].
14 IWASAWA THEORY FOR TOTALLY REAL FIELDS
Example: Ravi Ramakrishna, in corollary 1 of [28], constructs infinitely many
surjective representation GQ → SL2(Z7) each of which is unramified outside a finite
set of primes. If we take any one of this representation, say ρ : GQ → SL2(Z7),
then Q
ker(ρ)
is either a CM field or a totally real field. Let F∞ be the compositum of
Qcyc, the cyclotomic Z7-extension, and the maximal totally real subfield of Q
ker(ρ)
.
Then F∞/Q is an admissible 7-adic Lie extension. The author learned about this
example from H. Hida.
3. Classical Iwasawa main conjecture
In this subsection we recall the classical main conjecture (formulated for F = Q
by Iwasawa and for totally real number fields by Coates [5] and Greenberg [13])
proven by Mazur-Wiles [25] in the case F = Q (and also by Rubin by a different
method) and in general by Wiles [44].
Let ψ be an Artin representation of Gal(F/F ). Let Oψ be the ring obtained
by adjoining values of ψ to Zp. Let Fψ be the field defined by ψ i.e. the fixed
field of kernel of ψ. Assume Fψ ∩ F cyc = F . Recall that we have fixed a finite set
Σ of finite primes of F and we assume that it contains all primes which ramify
in FψF
cyc/F . Let γ be a fixed topological generator of Γ = Gal(F cyc/F ) and
let u ∈ Z×p be the image of γ under the p-adic cyclotomic character. If ψ is one
dimensional then Deligne-Ribet [8] and Cassou-Nogue´s [4] and Barsky [1] proved
that there is a power Gψ(T ) ∈ Oψ[[T ]] such that for any non-trivial ψ and any
positive integer n divisible by [FψF
cyc(µp) : FψF
cyc]
Gψ(u
n − 1) = LΣ(ψ, 1− n),
and if ψ is the trivial character 1 and n is a positive integer divisible by [F cyc(µp) :
F cyc],
G1(u
n − 1)
un − 1
= LΣ(1, 1− n).
Now let Mψ be the maximal abelian p-extension of FψF
cyc unramified outside
prime above Σ. Let Xψ be the Galois group of Mψ over FψF
cyc. Let hψ(T ) be
the characteristic polynomial of γ acting on the eψ(Xψ ⊗Zp Qp), where eψ is the
idempotent in Qp[H ′ × Hp] corresponding to ψ. We write Gψ(T ) as πµψG∗ψ(T ),
with π a uniformiser of Oψ and G
∗
ψ(T ) not divisible by π. Then Wiles shows that
hψ(T ) and G
∗
ψ(T ) generate the same ideal in Oψ[[T ]] (theorem 1.3 [44]). Wiles
also shows that if p does not divide the order of Gal(Fψ/F ), then in fact µψ = 0
(theorem 1.4 [44]. Note that we are using the assumption µ = 0).
Now let us assume that G = H × Γ, where H is a finite abelian group. Serre’s
account [37] of the work of Deligne-Ribet shows that there is a pseudomeasure
ζ ∈ Q(Λ(G)) such that for any nontrivial one dimensional character ψ of H , we
get ψ(ζ) = Gψ(T ) and 1(ζ) = G1(T )/T . Here for a one dimensional character ψ
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of H , we denote the induced map
Q(Λ(G))→ Q(ΛOψ(Γ))
∼= Q(Oψ[[T ]]),
by the same symbol ψ. The last isomorphism is the one obtained by mapping γ
to 1 + T .
Lemma 15. The p-adic zeta function ζ is a unit in Λ(G)S.
Proof: We write H as H ′ ×Hp, where Hp is the p-Sylow subgroup of H and H ′
is a finite group whose order is prime to p. Let Ĥ ′ be the set of all irreducible
characters if H ′. Let Oψ be the finite extension of Zp obtained by adjoining all
values of ψ and let πψ be a uniformiser of Oψ. We have the following decomposition
Λ(G)S
∼
−→ ⊕ψ∈Hˆ′ΛOψ(Hp × Γ)S,
which maps g = (h′, g) ∈ G, with h′ ∈ H ′ and g ∈ Hp × Γ, to (ψ(h′))g)ψ∈Hˆ′ . Let
1 be the trivial character of Hp. Each of the summands ΛOψ(Hp × Γ)S is a local
ring with maximal ideal
mψ = {x ∈ ΛOψ(Hp × Γ)S : 1(x) ∈ πψΛOψ(Γ)S}.
For each ψ ∈ Hˆ ′, the element (ψ×1)(ζ) ∈ ΛOψ(Γ)S does not belong to πψΛOψ(Γ)S
because of our assumption µ = 0 and the result of Wiles mentioned above. Hence
ζ is a unit in Λ(G)S. 
Theorem 16. Under the boundary map K1(Λ(G)S)
∂
−→ K0(Λ(G),Λ(G)S),
ζ 7→ −[C(F∞/F )].
Note that K ′1(Λ(G)S) = K1(Λ(G)S) as SK1(Λ(G)) = {1}.
Proof: Put C = C(F∞/F ). Let Hˆ be the set of all irreducible character of H .
Consider the following diagram with exact rows
1 // Λ(G)×
θ

// Λ(G)×S
θS

∂
// K0(Λ(G),Λ(G)S) //
θ0

1
1 //
∏
ΛOψ(Γ)
× //
∏
ΛOψ(Γ)
×
S
∂
//
∏
K0(ΛOψ(Γ),ΛOψ(Γ)S) // 1,
where the product runs through all ψ ∈ Hˆ . The maps θ and θS are injective. The
map θ0 is
θ0(P
·) = (ΛOψ(Γ)⊗
L
Λ(G) P
·),
for any complex P · of Λ(G) modules with S-torsion cohomologies. Let θ0(C(F∞/F )) =
(C ·ψ). The cohomologies of the complex C
·
ψ are
H i(C ·ψ) =


0 if i 6= 0,−1
Mψ if i = −1
Zp if i = 0 and ψ = 1
0 if i = 0 and ψ 6= 1
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Hence the classical main conjecture proven by Wiles says that ∂(ψ(ζ)) = −[C ·ψ]
for all ψ ∈ Hˆ . Since θ0(∂(ζ)) = ∂(θS(ζ)), the result will follow if we show that
θ0 is injective. The injectivity of θ0 will follow from snake lemma if we can show
that the cokernel of θ injects in cokernel of θS. Let x ∈ Λ(G)
×
S such that θS(x) =
(xψ) ∈
∏
ΛOψ(Γ)
×. Then
x =
1
|H|
∑
h∈H
h
(∑
ψ∈Hˆ
xψψ(h
−1)
)
.
Hence x ∈ Λ(G)[1
p
] ∩ Λ(G)S = Λ(G). Similarly, x
−1 ∈ Λ(G). Hence x ∈ Λ(G)×.
Hence cokernel of θ injects in the cokernel of θS and θ0 is injective. 
Next we show how our formulation of the main conjecture holds for admissible
p-adic Lie extension whose Galois group is of the form ∆ × G, with ∆ a finite
group whose order is prime to p and G is abelian. Let ψ be an arbitrary Artin
representation of Gal(F/F ) such that Fψ ∩ F∞ = F . Put ∆ = Gal(Fψ/F ). If ψ
is one dimensional, then Gal(FψF∞/F ) ∼= ∆×G is abelian. We have the Deligne-
Ribet p-adic zeta function
ζ ∈ Q(Λ(∆× G)).
We define the p-adic L-function Lp(ψ) ∈ Q(Λψ(G)) as the image of ζ under the
map
Q(Λ(∆× G))→ Q(ΛOψ(G)),
induced by ψ.
Now assume that ψ is an irreducible Artin character of degree greater than 1.
Then ∆ is nonabelian. By Brauer induction theorem there are subgroups ∆i of ∆
and degree one character ψi of ∆i such that
ψ =
∑
aiInd
∆
∆i
ψi, ai ∈ Z.
Let Li = F
∆i
ψ . We view G as a Galois group of LiF∞/Li and get the p-adic L-
function Lp(ψi) ∈ ΛOψi (G). For the character ψ we define the p-adic L function
Lp(ψ) by
Lp(ψ) =
∏
i
Lp(ψi)
ai ∈ Q(ΛOψ(G)).
It follows from the classical main conjecture and the assumption µ = 0 that if
p ∤ |∆|, then Lp(ψ) ∈ ΛOψ(G)
×
S (This is the p-adic Artin conjecture formulated by
Greenberg [14]). If p ∤ |∆|, then we define ζ as
ζ =
∑
χ∈R(∆)
eχLp(χ),
where R(∆) is the set of irreducible characters of ∆.
Lemma 17. ζ belongs to K1(Λ(G × ∆)S) and is the p-adic zeta function for the
extension FψF∞/F . Note that K
′
1(Λ(G ×∆)S) = K1(Λ(G ×∆)S).
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Proof: Since the order of ∆ is prime to p, we have the isomorphism
K1(Λ(G ×∆)S)
∼
−→ ⊕χ∈R(∆)ΛOχ(G)
×
S .
Since the image of ζ under this isomorphism is (Lp(χ)), we have the lemma. 
Theorem 18. Let F∞/F be an admissible p-adic Lie extension satisfying hypoth-
esis µ = 0. Assume that Gal(F∞/F ) = G×∆, with G abelian and ∆ a finite group
of order prime to p. Then the main conjecture is true for the extension F∞/F .
Moreover, we have an injection
K1(Λ(G ×∆))→ K1(Λ(G ×∆)S).
Proof: Let C ·χ = (ΛOχ(G)S ⊗
L
Λ(G×∆)S
C(F∞/F )) for all χ ∈ R(∆). Then
∂(Lp(χ)) = −[C
·
χ] ∈ K0(ΛOχ(G),ΛOχ(G)S).
The theorem follows from the following isomorphism
K0(Λ(G ×∆),Λ(G ×∆)S)→ ⊕χ∈R(∆)K0(ΛOχ(G),ΛOχ(G)S).
The injection of K1(Λ(G ×∆)) in K1(Λ(G ×∆)S) follows from the fact that
K1(Λ(G ×∆)) ∼= ⊕χ∈R(∆)ΛOχ(G)
×
and
K1(Λ(G ×∆)S) ∼= ⊕χ∈R(∆)ΛOχ(G)
×
S .

4. Various reductions
In this section we prove several algebraic results and obtain various reductions.
In this section O is the ring of integers in a finite extension of Qp.
4.1. Reduction to one dimensional case. In this section we show that the
validity of the main conjecture for one dimensional p-adic Lie group implies the
main conjecture for p-adic Lie extensions of arbitrary dimension. This is proven
by D. Burns [2].
Let Q1(G) = {G/U : U is an open pro-p subgroup of H and is normal in G}.
Using a result of Fukaya-Kato [12] we have
Lemma 19. Let P be a compact p-adic Lie group. Then we have an isomorphism
K ′1(ΛO(P ))→ lim←−
∆
K ′1(O[∆]),
where ∆ runs through all finite quotients of P .
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Proof: For a compact p-adic Lie group P , let JP be the Jacobson radical of Λ(P ).
Then Fukaya-Kato (proposition 1.5.1 [12]) show that
K1(Λ(P ))
∼
−→ lim
←−
n
K1(Λ(P )/J
n
P )
In the rest of the proof ∆ varies over all finite quotients of P . For a non-negative
integer n define
I∆,n := ker(ΛO(P )→ O[∆]/J
n
∆).
Clearly, JnP ⊂ ∩∆I∆,n. Consider the exact sequence
K1(ΛO(P )/J
n
P , I∆,n/J
n
P )→ K1(ΛO(P )/J
n
P )→ K1(O[∆]/J
n
∆)→ 1.
As all the groups in the above short exact sequence are finite, we have an exact
sequence
lim
←−
∆
K1(
ΛO(P )
JnP
,
I∆,n
JnP
)→ K1(
ΛO(P )
JnP
)→ lim
←−
∆
K1(
O[∆]
Jn∆
)→ 1.
We have a surjection
1 + I∆,n/J
n
P → K1(ΛO(P )/J
n
P , I∆,n/J
n
P )→ 1.
Since I∆,n/J
n
P is finite we get the induced surjection
lim
←−
∆
(
1 + I∆,n/J
n
P
)
= 1 + (∩∆I∆,n)/J
n
P → lim←−
∆
K1(ΛO(P )/J
n
P , I∆,n/J
n
P )→ 1.
In particular, we deduce that lim
←−
∆
K1(ΛO(P )/J
n
P , I∆,n/J
n
P ) is finite and
lim
←−
n
(
1 + (∩∆I∆,n)/J
n
P
)
→ lim
←−
n
lim
←−
∆
K1(ΛO(P )/J
n
P , I∆,n/J
n
P )→ 1
is exact. But lim
←−
n
(
1 + (∩∆I∆,n)/J
n
P
)
= {1} as ∩n ∩∆ I∆,n = {0}. Hence
lim
←−
n
lim
←−
∆
K1(ΛO(P )/J
n
P , I∆,n/J
n
P ) = {1} and from the above exact sequence we
get
lim
←−
n
K1(ΛO(P )/J
n
P )
∼=
−→ lim
←−
n
lim
←−
∆
K1(O[∆]/J
n
∆).
Hence
K1(ΛO(P )) ∼= lim←−
n
lim
←−
∆
K1(O[∆]/J
n
∆)
∼= lim
←−
∆
lim
←−
n
K1(O[∆]/J
n
∆)
∼= lim
←−
∆
K1(O[∆])
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The interchange of inverse limits is justified because the groups K1(O[∆]/J
n
∆) are
finite for all ∆ and all n. The first and third isomorphism use the result of Fukaya-
Kato mentioned above. Hence by definition of SK1(ΛO(P )), we have
K ′1(ΛO(P ))
∼= lim
←−
∆
K1(O[∆])/lim←−
∆
SK1(O[∆]).
But since SK1(O[∆]) are finite for all ∆ (by a result of Wall, theorem 2.5 in [27]),
we have
lim
←−
∆
K1(O[∆])/lim←−
∆
SK1(O[∆]) ∼= lim←−
∆
K ′1(O[∆]).

Corollary 20. The following natural map is an isomorphism
K ′1(Λ(G))
∼
−→ lim
←−
G∈Q1(G)
K ′1(Λ(G)).
Proof:
lim
←−
G∈Q1(G)
K ′1(Λ(G))
∼= lim
←−
G
lim
←−
∆G
K ′1(Zp[∆G])
∼= lim
←−
∆
K ′1(Zp[∆])
∼= K ′1(Λ(G)),
where ∆G runs through finite quotients of G and ∆ runs through all finite quotients
of G. 
Theorem 21. Assume F∞/F is an admissible p-adic Lie extension satisfying
µ = 0 hypothesis. Then the main conjecture is true for F∞/F if it is true for each
of the extensions FU∞/F for all open pro-p subgroups U ≤ H such that U is normal
in G and if for each G = G/U the group K ′1(Λ(G)) injects into K
′
1(Λ(G)S).
Proof: Note that for each U the extension FU∞/F is an admissible p-adic Lie
extension satisfying µ = 0 hypothesis. We consider the following diagram
K ′1(Λ(G)) //
∼

K ′1(Λ(G)S)
∂
//

K0(Λ(G),Λ(G)S) //

0
1 // lim←−
G
K ′1(Λ(G)) // lim←−
G
K ′1(Λ(G)S) // lim←−
G
K0(Λ(G),Λ(G)S)
We assume that the main conjecture is true for each quotient G = G/U in Q1(G).
Then for each G ∈ Q1(G) we have a unique ζG ∈ K
′
1(Λ(G)S) satisfying the main
conjecture. Uniqueness of ζG implies that (ζG)G ∈ lim←−
G
K ′1(Λ(G)S). Let f
−1 ∈
K ′1(Λ(G)S) be a characteristic element of C(F∞/F ). Let (fG)G ∈ lim←−
G
K ′1(Λ(G)S)
be the image of f . Then ∂(fG) = −[C(FU∞/F )] by isomorphism (1). Put uG =
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ζGf
−1
G ∈ K
′
1(Λ(G)S). Then (uG)G∈Q1(G) ∈ lim←−
G
K ′1(Λ(G)) as ∂(ζG) = −[C(F
U
∞/F )].
Hence there is u ∈ K ′1(Λ(G)) which maps to (uG)G. We claim that ζ = uf
is the p-adic zeta function we seek. Uniqueness is clear and so is the fact that
∂(ζ) = −[C(F∞/F )]. Now we show that ζ satisfies the required interpolation
property. Let ρ be an Artin representation of G, then there is a G ∈ Q1(G), such
that ρ factors through G. Since ζ maps to ζG ∈ K1(Λ(G)S) we have for any
positive integer r divisible by [F∞(µp) : F∞]
ζ(ρκrF ) = ζG(ρκ
r
F ) = LΣ(ρ, 1− r).
Note that since U is pro-p, we have [F∞(µp) : F∞] = [F
U
∞(µp) : F
U
∞]. 
Remark 22. Since we interpolate Artin L-values the above result is not surprising
though the proof is delicate. It is a typical example of the strategy of Burns and
Kato (explained in the introduction) and will appear in all our reduction steps.
4.2. Reduction to Qp-elementary extensions. Now we consider one dimen-
sional G. We pick and fix a lift of Γ in G and hence get an isomorphism G ∼= H⋊Γ.
Let us fix Γp
e
, an open subgroup of Γ acting trivially on H . Let G = G/Γp
e
.
Definition 23. Let l be a prime. A finite group P is called l-hyperelementary if
P is of the form Cn⋊P1, with Cn a cyclic group of order n and P1 a finite l-group
and l ∤ n. Let K be a field of characteristic 0. A l-hyperelementary group Cn ⋊ P1
is called l-K-elementary if
Im[P1 → Aut(Cn) ∼= (Z/nZ)×] ⊂ Gal(K(µn)/K).
A hyperelementary group is one which is l-hyperelementary for some prime l. A
K-elementary group is one which is l-K-elementary for some prime l.
Definition 24. Let l be a prime. A p-adic Lie group is called l-K-elementary if
it is of the form P ⋊ Γ for a finite group P and there is a central open subgroup
Γp
r
of P ⋊ Γ such that (P ⋊ Γ)/Γp
r
is l-K-elementary finite group. A p-adic Lie
group is K-elementary if it is l-K-elementary for some prime l.
The induction theory of A. Dress [9] gives the following theorem (see theorem
11.2 in R. Oliver [27] and also theorem 5.4 CTC Wall [42]).
Theorem 25. (Dress, Wall) Let P be a finite group. Let K be the field of fractions
of O. Then we have the following isomorphism
K ′1(O[P ])
∼
−→ lim
←−
π
K ′1(O[π]),
where π runs through all K-elementary subgroups of P . The inverse limit is with
respect to norm maps and the maps induced by conjugation. In other words, (xπ) ∈∏
πK
′
1(O[π]) lies in lim←−
π
K ′1(O[π]) if and only if
(i) for all g ∈ P , gxπg−1 = xgπg−1, and
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(ii) for π ≤ π′ ≤ P the norm homomorphism K ′1(O[π
′]) → K ′1(O[π]) maps xπ′ to
xπ.
Lemma 26. For a fixed n ≥ 0, let Gn = G/Γ
pe+n. We have an isomorphism
K ′1(Λ(G))
∼
−→ lim
←−
P
K ′1(Λ(UP )),
where the inverse limit ranges over all Qp-elementary subgroups P of Gn and it is
with respect to the maps induced by conjugation and the norm maps. UP denotes
the inverse image of P in G under the surjection G → Gn.
Proof: In this proof P runs though all Qp-elementary subgroups of Gn and all
inverse limits are with respect to the maps induced by conjugation and the norm
maps. We have an isomorphism
K ′1(Zp[Gn])
∼
−→ lim
←−
P
K ′1(Zp[P ])
by theorem 25. We claim that
K ′1(Zp[Gn+i])
∼
−→ lim
←−
P
K ′1(Zp[UP/Γ
pe+n+i]).
Note that UP/Γ
pe+n+i is the inverse image of P in the group Gn+i under the surjec-
tion Gn+i → Gn. Any Qp-elementary subgroup of Gn+i is contained in UP/Γp
e+n+i
for some P . Hence
lim
←−
P
K ′1(Zp[UP/Γ
pe+n+i])
∼
−→ lim
←−
P
lim
←−
CP
K ′1(Zp[CP ])
∼
−→ lim
←−
Q
K ′1(Zp[Q])
∼
−→ K ′1(Zp[Gn+i]).
Here CP runs through all Qp-elementary subgroups of UP/Γp
e+n+i
and Q runs
through all Qp-elementary subgroups of Gn+i. Hence we get the claim. Passing to
the inverse limit we get the result by lemma 19. 
Theorem 27. Assume that the main conjecture is valid for all admissible p-adic
Lie extensions satisfying µ = 0 hypothesis whose Galois group is Qp-elementary.
Also assume that for all Qp-elementary p-adic Lie groups U the group K ′1(Λ(U))
injects in K ′1(Λ(U)S). Then the main conjecture is valid for all one dimensional
admissible p-adic Lie extensions F∞/F satisfying µ = 0 hypothesis. Moreover, if
G = Gal(F∞/F ), then K ′1(Λ(G)) injects in K
′
1(Λ(G)S).
Proof: Let F∞/F be an admissible p-adic Lie extension of dimension one sat-
isfying µ = 0 hypothesis. Let G = Gal(F∞/F ). Then all its admissible p-adic
Lie subextensions satisfy µ = 0 hypothesis. Assume that the main conjecture is
valid for all admissible p-adic Lie subextensions of F∞/F whose Galois group is
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Qp-elementary. As before, for a fixed but arbitrary n ≥ 0, let Gn = G/Γp
e+n
.
Consider the following diagram
K ′1(Λ(G)) //
∼

K ′1(Λ(G)S) //

K0(Λ(G),Λ(G)S) //

0
1 // lim←−
P
K ′1(Λ(UP )) // lim←−
P
K ′1(Λ(UP )S) // lim←−
P
K0(Λ(UP ),Λ(UP )S)
Here P runs through allQp-elementary subgroups ofGn and UP denotes the inverse
image of P in G.
Take f ∈ K ′1(Λ(G)S) such that ∂(f) = −[C(F∞/F )]. Let (fP ) be the image
of f in lim
←−
P
K ′1(Λ(UP )S). Then ∂(fP ) = −[C(F∞/F
UP
∞ )]. For each P let ζP be
the p-adic zeta function satisfying the main conjecture for F∞/F
UP
∞ . We claim
that uniqueness implies that (ζP ) ∈ lim←−
P
K ′1(Λ(UP )S). We must show that for any
g ∈ G, we have gζPg
−1 = ζgPg−1 and if P ≤ P
′ ≤ Gn, then norm(ζP ′) = ζP . Note
that
∂(gζPg
−1) = ∂(ζgPg−1) = −[C(F∞/F
UgPg−1
∞ ].
If ρ is an Artin Character of UgPg−1, then we denote by ρg the character of UP
given by ρg(h) = ρ(ghg
−1) for any h ∈ UP . Then
gζPg
−1(ρκr) = ζP (ρgκ
r)
= LΣ(ρg, 1− r)
= LΣ(ρ, 1− r)
= ζgPg−1(ρκ
r)
Hence gζg−1 = ζgPg−1.
We have ∂(norm(ζP ′)) = −[C(F∞/FUP∞ ] = ∂(ζP ). On the other hand, if ρ is an
Artin Character of UP , then
norm(ζP ′)(ρκ
r) = ζP ′(Ind
UP ′
UP
(ρ))
= LΣ(Ind
UP ′
UP
(ρ), 1− r)
= LΣ(ρ, 1− r)
= ζP (ρκ
r)
Hence norm(ζP ′) = ζP and our claim holds.
Put uP = ζPf
−1
P ∈ K
′
1(Λ(UP )S). As ∂(ζP ) = ∂(fP ) = −[C(F∞/F
UP
∞ )], we
have uP ∈ K ′1(Λ(UP )). Moreover, (uP )P ∈ lim←−
P
K ′1(Λ(UP )). Then there is a
u ∈ K ′1(Λ(G)) mapping to (uP )P . Let ζ = uf . It is clear that ∂(ζ) = −[C(F∞/F )].
This is the p-adic zeta function we seek. First note that it is the only element in
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K1(G)S) such that ∂(ζ) = −[C(F∞/F )] and whose image in K ′1(Λ(UP )S) is ζP .
Hence it is independent of the choice of n.
Let ρ be an Artin character of G. It factors through Gn for some n. Then by
Brauer’s induction theorem (theorem 19, [36]) there are Artin representations ρP
of UP such that
ρ =
∑
P
nP Ind
G
UP
ρP .
Note that an elementary subgroup (as defined in [36]) is Qp-elementary. Though
for Brauer’s induction theorem we only need elementary subgroups we need to
work with Qp-elementary subgroups for the isomorphism in the previous lemma.
Also note than ρP may not be one dimensional. Then for any positive integer r
divisible by [F∞(µp) : F∞], we have
ζ(ρκrF ) =
∏
P
ζ(IndGUP ρPκ
r
F )
nP
=
∏
P
ζP (ρPκ
r
FP
)nP
=
∏
P
LΣ(ρP , 1− r)
nP
= LΣ(ρ, 1− r).
Hence ζ satisfies the required interpolation property. Uniqueness of ζ and assertion
about the K ′1 groups follows by an easy diagram chase. 
Hence we have reduced the main conjecture to extensions whose Galois group
is a Qp-elementary p-adic Lie group.
4.3. The case of l-Qp-elementary for l 6= p. We now assume that G is l-Qp-
elementary for some prime l 6= p.
Lemma 28. If a p-adic Lie group is l-Qp-elementary for some prime l 6= p, then
it is isomorphic to Γp
e
× G for some finite l-Qp-elementary group G and some
integer e ≥ 0.
Proof: Let G = H ⋊ Γ. Let Γp
r
be a central open subgroup of G such that G/Γp
r
is l-Qp-elementary. Then for any s ≤ r such that Γp
s
is a central subgroup of G,
the quotient G/Γp
s
is l-Qp-elementary. Let e ≥ 0 be the smallest integer such that
Γp
e
is an open central subgroup of G. Let G = G/Γp
e
. It is a l-Qp-elementary finite
group. We claim that G = Γp
e
×G. Let G = C ⋊ P , where C is a cyclic subgroup
of order prime to l and P is a l-group. Note that C ⋊ P = G = H ⋊ Γ/Γp
e
. Since
order of P is prime to p it is a subgroup of H . Hence P is also a subgroup of G.
Let UC be the inverse image of C in G. Since Γp
e
is central and C is cyclic, UC is
an abelian group. Write UC = Q × D, where Q is a pro-p pro-cyclic subgroup of
UC and D is a torsion subgroup. Then G = (Q×D)⋊ P . The action of P on Q
has to be trivial since it is trivial on an open subgroup of Q. Hence Q is a central
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pro-p pro-cyclic subgroup of G which implies by minimality of e that Q = Γp
e
and
D = C. 
Hence we may assume that the l-Qp-elementary group G is of the form Γ×H ,
with H a l-Qp-elementary finite group. Let H = C ⋊ P , with C a cyclic group of
order prime to l and P a finite l-group. If p does not divide the order of C, then
the main conjecture for F∞/F is valid by theorem 18.
Write C as Cp × Cp′, where Cp is a cyclic group of p-power order and Cp′ is a
cyclic group of order prime to p. Note that both Cp and Cp′ are normal subgroups
ofH . Hence, after replacing C by Cp and P by Cp′⋊P , we assume thatH = C⋊P ,
with P a finite group of order prime to p and C a cyclic group of p-power order.
By proposition 12.7 in Oliver [27], SK1(Λ(G)) = 1. Put C = H0(P,C), H = C×P
and G = Γ × H . Put P1 = Ker(P → Aut(C)), H1 = C × P1 and G1 = Γ × H1.
Consider the maps
θ : K1(Λ(G))→ K1(Λ(G))×K1(Λ(G1)),
θS : K1(Λ(G)S)→ K1(Λ(G)S)×K1(Λ(G1)S).
In both cases the map in the first component is the one induced by natural sur-
jection and the map in the second component is the norm map.
Definition 29. Let Φ (resp. ΦS) be the set of all pairs (x0, x1) ∈ K1(Λ(G)) ×
K1(Λ(G1)) (resp. K1(Λ(G)S)×K1(Λ(G1)S)) such that
1. Under the map
K1(Λ(G))
norm
−−−→ K1(Λ(Γ× C × P1))
can
←−− K1(Λ(G1))
(resp. K1(Λ(G)S)
norm
−−−→ K1(Λ(Γ× C × P1)S)
can
←−− K1(Λ(G1)S)),
we have norm(x0) = can(x1).
2. x1 is fixed under the conjugation action by every element of P .
Proposition 30. The map θ induces an isomorphism between K1(Λ(G)) and Φ.
The image of θS is contained in ΦS. In particular
Im(θS) ∩ (K1(Λ(G))×K1(Λ(G1))) = Im(θ).
Note that K1(Λ(G)) and K1(Λ(G1)) inject in K1(Λ(G)S) and K1(Λ(G1)S) respec-
tively and hence the above intersection makes sense in K1(Λ(G)S) ×K1(Λ(G1)S).
Proof: We first verify that the image of θ and θS is contained in Φ and ΦS
respectively. We do this only for θ and the proof of θS is similar. Let B be a set
of right coset representatives of H1 in H . Then B is a basis of the Λ(G1)-module
Λ(G). Let x ∈ K1(Λ(G)). The image of x in K1(Λ(G1)) under the norm map is
explicitly described as follows. Let x˜ be a lift of x in Λ(G)×. Multiplication on the
right by x˜ gives a Λ(G1)-linear map on Λ(G). Let A(B, x˜) be the matrix of this
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map with respect to the basis B. Then norm of x is the class of this matrix in
K1(Λ(G1)). It is independent of the choice of x˜ and the basis B.
Let g ∈ P . Then gBg−1 is also a Λ(G1)-basis of Λ(G). Then gA(B, x˜)g−1 =
A(gBg−1, gx˜g−1). Since gx˜g−1 is also a lift of x, the class of A(gBg−1, gx˜g−1) in
K1(Λ(G1)) is the same as that of A(B, x˜). Hence θ(x) satisfies the second condition
in the definition of Φ.
Since we can choose the image of B in Λ(G) as a basis of the Λ(Γ × C × P1)-
module Λ(G), the following diagram commutes.
K1(Λ(G))
norm
//
can

K1(Λ(G1))
can

K1(Λ(G)) norm
// K1(Λ(Γ× C × P1))
Hence θ(x) satisfies the first condition in the definition of Φ.
Next we show that θ surjects on Φ. Let (x0, x1) ∈ Φ. The natural map from
K1(Λ(G)) to K1(Λ(G)) is a surjection (since Λ(G)× surjects on K1(Λ(G)) and also
on Λ(G)×. Moreover, Λ(G)× surjects on K1(Λ(G))), hence we may and do assume
that x0 = 1. Then the first condition in the definition of Φ implies that
x1 ∈ J := Ker(can : K1(Λ(G1))→ K1(Λ(Γ× C × P1))).
By theorem 2.10 (ii) Oliver [27] and proposition 1.5.3 Fukaya-Kato [12] the sub-
group J is pro-p; hence so is the subgroup JP which is the subgroup of point-wise
fixed elements of J under the conjugation action of P . Also x1 ∈ JP . Let n be the
order of P/P1. Let z ∈ JP be such that zn = x1. Denote by z˜ the image of z in
K1(Λ(G)) under the natural map K1(Λ(G1))→ K1(Λ(G)). Let θ(z˜) = (z0, z1). By
construction z1 = x1. Moreover, norm(z0) = z
n
0 = 1 in K1(Λ(Γ × C × P1)). But
z0 lies in a pro-p subgroup and hence z0 = 1. This proves the surjection of θ on Φ.
Lastly, we show that θ is injective. We need a lemma
Lemma 31. Let Ĉ be the set of irreducible characters of C. Then P acts on them
by
(g · χ)(h) = χ(ghg−1), for all g ∈ P and h ∈ C
Under this action satbiliser of χ is P1 if χ 6= 1. Hence any irreducible representa-
tion of H is obtained either by inflating an irreducible representation of C × P or
by inducing an irreducible representation of H1.
Proof: Let χ ∈ Ĉ and χ 6= 1. Let g ∈ P . If g ·χ = χ, then χ(ghg−1) = χ(h) for all
h ∈ C. Hence ghg−1h−1 ∈ ker(χ) for all h ∈ C, and in particular for any generator
c of C. As χ 6= 1, ker(χ) is a proper subgroup of C. Hence if gcg−1 = ca, then
a ≡ 1(mod p). On the other hand as order of P is prime to p, ap−1 ≡ 1(mod |C|).
Hence a ≡ 1(mod |C|), i.e. g ∈ P1. The second assertion now follows directly from
proposition 25 in Serre [36]. 
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For a finite group P we denote by Conj(P ) the set of conjugacy classes of P .
Let n be a non-negative integer. We define a map
β : Qp[Conj(G/Γp
n
)]→ Qp[Conj(G/Γp
n
)]×Qp[G1/Γp
n
],
where the map into the first component is induced by natural surjection and the
map into the second component is defined as follows: Let B be a set of left coset
representatives of H1 in H and let g ∈ G/Γp
n
. Then the map is the Qp-linear map
induced by
g 7→
∑
x∈B
{x−1gx : x−1gx ∈ G1/Γ
pn}.
For a finite group P let R(P ) denote the ring of virtual characters of P . Then
idQp ⊗ β is dual to the following map
Qp ⊗Z R(G/Γ
pn)×Qp ⊗Z R(G1/Γ
pn)→ Qp ⊗Z R(G/Γ
pn),
(χ, ρ) 7→ Inf(χ) + Ind(ρ).
It follows from the above lemma that this map is surjective. Hence β is injective.
It induces an injection
β : lim
←−
n
Qp[Conj(G/Γp
n
)]→ lim
←−
n
Qp[Conj(G/Γp
n
)]× lim
←−
n
Qp[G1/Γp
n
].
We need the log map onK1-groups defined by Oliver and Taylor. We will discuss
it in more detail in the next section. Now we just refer to Chapter 2 of Oliver [27].
For a finite group G there is a group homomorphism
log : K1(Zp[G])→ Qp[Conj(G)].
Theorem 2.9 in Oliver [27] says that the kernel of this homomorphism is the torsion
subgroup. However, by a theorem of Wall (see loc. cit. theorem 7.4) the torsion
subgroup of K1(Zp[G]) is µp−1 × Gab × SK1(Zp[G]). But SK1(Zp[G/Γp
n
]) = 1 by
12.7 in Oliver [27]. Consider the exact sequences
1→ µp−1 × (G/Γ
pn)ab → K1(Zp[G/Γp
n
])
log
−→ Qp[Conj(G/Γp
n
)].
They induce an exact sequence
1→ µp−1 × G
ab → K1(Λ(G))
log
−→ lim
←−
n
Qp[Conj(G/Γp
n
)]
We also have a commutative diagram (see proof of theorem 6.8 in Oliver [27])
K1(Λ(G))
log
//
θ

lim
←−
n
Qp[Conj(G/Γp
n
)]
β

K1(Λ(G))×K1(Λ(G1)) log
// lim
←−
n
Qp[Conj(G/Γp
n
)]× lim
←−
n
Qp[G1/Γp
n
]
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We are now ready to show injectivity of θ. Let x ∈ Ker(θ). Because β is
injective, x ∈ Ker(log). Hence x ∈ µp−1 × Gab. But under the natural surjection
K1(Λ(G))→ K1(Λ(G)),
(which is the first component of the map θ) µp−1×Gab maps identically on µp−1×G
ab
(note that Gab = G
ab
). Hence x = 1. 
Remark 32. The above proposition is a prototype of the main results in section 5
(theorems 52 and 53). The congruence condition in those theorems do not appear
here because norm is taken in subgroups whose index in G is prime to p.
Theorem 33. Let F∞/F be an admissible extension satisfying the hypothesis µ =
0 and let G = Gal(F∞/F ). Assume that G is l-Qp-elementary for some prime
l 6= p. Then the main conjecture for F∞/F is valid. Moreover, K1(Λ(G)) injects
in K1(Λ(G)S).
Proof: We use the above notation. Let f ∈ K1(Λ(G)S) be any element such
that ∂(f) = −[C(F∞/F )]. Let θS(f) = (f0, f1) ∈ ΦS. Let L = F G1∞ . Let F
′
∞
be the subfield of F∞ such that Gal(F
′
∞/F ) = G. Then the main conjecture is
true for subextensions of F∞/L and the extension F
′
∞/F by theorem 18. Let ζ1
and ζ0 be the corresponding p-adic zeta functions satisfying the main conjecture.
By the interpolation property and uniqueness we verify that (ζ0, ζ1) ∈ ΦS. Let
ui = ζif
−1
i (for i = 0, 1). Then (u0, u1) ∈ Φ. Let u ∈ K1(Λ(G)) be the unique
element such that θ(u) = (u0, u1). Then ζ = uf is the p-adic zeta function we
seek. It is clear that ∂(ζ) = −[C(F∞/F )]. We have to show that ζ satisfies the
required interpolation property. Let ρ be an irreducible Artin representation of G.
Then by lemma 31 ρ is either obtained by inflating a representation ρ0 of G or by
inducing a representation ρ1 of G1. Hence for any positive integer r divisible by
[F∞(µp) : F∞], we have, for i = 0 or 1
ζ(ρκrF ) = ζi(ρiκ
r
i ) = LΣ(ρi, 1− r) = LΣ(ρ, 1− r),
where κ0 = κF and κ1 = κL.
The injection of K1(Λ(G)) in K1(Λ(G)S) is clear from the following diagram
K1(Λ(G)) //
∼

K1(Λ(G)S)

0 // Φ // ΦS
The injectivity of the bottom arrow comes from theorem (18). 
4.4. Reduction to p-elementary extensions. In this case we assume that G =
G/Γp
e
is p-Qp-elementary. Say G = Cn ⋊ Hp, where Hp is a p-group and Cn is
a cyclic group of order n prime to p. The Galois group Gal(Qp(µn)/Qp) acts on
the set of one dimensional characters Cˆn of Cn. We let C be the orbit set of
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Cˆn under this action. By abuse of notation we also use C for a set containing
exactly one representative from each orbit. Let Lχ = Qp(χ(c)|c ∈ Cn) be a finite
field extension of Qp. Let Oχ be the ring of integers of Lχ. Then the ring Zp[Cn]
decomposes as
Zp[Cn] ∼= ⊕χ∈COχ
The action of Hp on Cn induces an action on ⊕χ∈COχ. But Im(Hp → Aut(Cn)) ⊂
Gal(Qp(µn)/Qp) as G is Qp-elementary. As Gal(Qp(µn)/Qp) fixes each Oχ, the
group Hp acts on each Oχ and we get a homomorphism (for details see proposition
11.6 in Oliver [27])
Hp → Gal(Lχ/Qp).
Recall that UHp denotes the inverse image of Hp in G. For this section we simply
denote it by U . Then G = Cn ⋊ U . Let tχ denote the composition
tχ : U → Hp → Gal(Lχ/Qp).
Let Uχ denote ker(tχ).
Remark 34. We have the map
K ′1(Λ(G))→ K
′
1(Λ(Γ
pe)[G]τ )
→ K ′1(Λ(Γ
pe)[Cn][Hp]
τ
→ ⊕χ∈CK
′
1(ΛOχ(Γ
pe)[Hp]
τ )
→ ⊕χ∈CK
′
1(ΛOχ(U)
τ )
norm
−−−→ ⊕χ∈CK
′
1(ΛOχ(Uχ))
Here τ in the second and third line is denoting the usual twisting map and the
action of Hp on Cn and Oχ respectively. The superscript τ in the fourth line
denotes the action of U on Oχ. It is easy to see that the image of K
′
1(Λ(G)) lands
in ⊕χ∈CK ′1(ΛOχ(Uχ))
U/Uχ. The argument is exactly the same as in the proof of
M2) in lemma 85 and will not be repeated here. Similarly, we have a map
K ′1(Λ(G)S)→ ⊕χ∈CK
′
1(ΛOχ(Λ(Uχ))S)
U/Uχ.
Proposition 35. We have an isomorphism
K ′1(Λ(G))→ ⊕χ∈CK
′
1(ΛOχ(Uχ))
U/Uχ ,
Proof: For every n ≥ 0, let Gn = G/Γ
pe+n. Let Uχ,n be the kernel of the map
U/Γp
e+n
→ Hp → Gal(Lχ/Qp).
Then by proposition 11.6 and theorem 12.3 (4) in Oliver [27], we have
K ′1(Zp[Gn])
∼
−→ ⊕χ∈CK
′
1(Oχ[Uχ,n])
U/Uχ,n .
By passing to the inverse limit gives the required result by lemma 19. 
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Define L := F (µp) ∩ F∞. Then L is a totally real number field and [L : F ]
divides p − 1. Hence L ∩ FCn∞ = F and Gal(F
Cn
∞ L/F )
∼= Gal(L/F ) × U . Then
D := Gal(F∞/F
Cn
∞ L) ⊂ Cn is a cyclic group. For every χ ∈ Cˆn we define Cχ :=
ker(χ) ∩ D. Then Gal(F
Cχ
∞ /F
Cn⋊Uχ
∞ ) ∼= Cn/Cχ × Uχ (the only statement to be
explained here is the triviality of action of Uχ on Cn/Cχ. For a subgroup J of Cn,
the action of Uχ is trivial on Cn/J if and only if for any g ∈ Uχ and any h ∈ Cn
the element hgh−1g−1 ∈ J . Since Uχ acts trivially on Cn/D and Cn/ker(χ), it
acts trivially on Cn/Cχ). We then have
[F∞(µp) : F∞] = [F
Cχ
∞ (µp) : F
Cχ
∞ ].
Theorem 36. Let F∞/F be an addmissible p-adic Lie extension satisfying µ = 0
hypothesis. Assume that G = Gal(F∞/F ) is p-Qp-elementary group. With the
notation as above, assume that the main conjecture is true for F
Cχ
∞ /F
Cn⋊Uχ
∞ for
each χ ∈ Cˆn and that K ′1(ΛOχ(Uχ)) injects in K
′
1(ΛOχ(Uχ)S). Then the main
conjecture is true for F∞/F and K
′
1(Λ(G)) injects in K
′
1(Λ(G)S).
Proof: Assume that the main conjecture is valid for each of the extensions
F
Cχ
∞ /F
Cn⋊Uχ
∞ . Let ζχ ∈ K ′1(Λ(Cn/Cχ × Uχ)S) be the p-adic zeta function in the
main conjecture. Let Lp(χ) be the image of ζχ under the natural map
K ′1(Λ(Cn/Cχ × Uχ)S)→ K
′
1(ΛOχ(Uχ)S),
induced by the natural surjection Zp[Cn/Cχ] → Oχ. Consider the following com-
mutative diagram
K ′1(Λ(G)) //
∼

K ′1(Λ(G)S)

∂
// K0(Λ(G),Λ(G)S)

⊕χK ′1(ΛOχ(Uχ))
U/Uχ // ⊕χK ′1(ΛOχ(Uχ)S)
U/Uχ ∂ // ⊕χK0(ΛOχ(Uχ),ΛOχ(Uχ)S)
By uniqueness of the p-adic zeta function satisfying the main conjecture for the
extension F
Cχ
∞ /F
Cn⋊Uχ
∞ , we get that ζχ ∈ K ′1(Λ(Cn/Cχ×Uχ)S)
U/Uχ. Hence Lp(χ) ∈
K ′1(ΛOχ(Uχ)S)
U/Uχ . Let f ∈ K ′1(Λ(G)S) be such that ∂(f) = −[C(F∞/F )]. Let
the image of f under the middle vertical arrow be (fχ). Let uχ = Lp(χ)f
−1
χ . Then
(uχ)χ ∈ ⊕χK ′1(ΛOχ(Uχ))
U/Uχ . Hence there is a unique u ∈ K1(Λ(G)) mapping to
(uχ)χ under the first vertical arrow. We claim that ζ = uf is the p-adic zeta func-
tion we seek. It is clear that ∂(ζ) = −[C(F∞/F )]. We now show the interpolation
property. Let ρ be an irreducible Artin representation of G. Then by proposition
25 in Serre [36] there is a χ and an Artin representation ρχ of Uχ such that
ρ = IndGCn⋊Uχ(χρχ).
Hence for any positive integer r divisible by [F∞(µp) : F∞], we get
ζ(ρκrF ) = ζχ(χρχκ
r) = LΣ(ρ, 1− r),
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where κ is the p-adic cyclotomic character of F
Cn⋊Uχ
∞ .
Uniqueness of the p-adic zeta function and the statement about K ′1 groups fol-
lows from an easy diagram chase in the above diagram. 
Hence we reduce the proof of the main conjecture to the case when G = ∆×Gp,
where ∆ is a finite cyclic group of order prime to p and Gp is a pro-p p-adic Lie
group of dimension 1.
5. The main algebraic results
We obtain a description of K1 groups of Iwasawa algebras of one dimensional
compact pro-p p-adic Lie groups and its localisation. This result will predict
certain congruences between abelian p-adic zeta functions which we prove in the
next section.
5.1. Notations. The purpose of this subsection is to introduce the notations to
be used throughout this section. Let G be a one dimensional pro-p p-adic Lie
group with a closed normal subgroup H such that G/H = Γ is isomorphic to the
additive group of p-adic integers. We fix a lift of Γ in G. This gives an isomorphism
G ∼= H⋊Γ which we take as an identification. We write Γ multiplicatively. Let Γp
e
be a fixed open subgroup of Γ acting trivially on H . Put Z = Γp
e
and G = G/Z.
Let O be the ring of integers in a finite unramified extension of Qp or a finite
direct sum of such rings. An important example for us is O = Zp[∆], where ∆
is a finite cyclic group of order prime to p. The group Gal(Qp/Qp) acts on ∆ˆ,
the group of characters of ∆. Then Qp(σ · χ) = Qp(χ), for all σ ∈ Gal(Qp/Qp)
and all χ ∈ ∆ˆ. Let C = H0(Gal(Qp/Qp), ∆ˆ) be the set of orbits of the action of
Gal(Qp/Qp) on ∆ˆ. Then there is an isomorphism Zp[∆] ∼= ⊕χ∈COχ, where Oχ is
the ring of integers in Qp(χ), given by x 7→ (χ(x))χ∈C . Under this isomorphism the
Frobenius automorphism of ⊕χ∈COχ corresponds to the Zp-linear automorphism
of Zp[∆] given by δ 7→ δp for all δ ∈ ∆.
The Iwasawa algebra of G with coefficients in O is defined as
ΛO(G) = lim←−
U
O[G/U ],
where the inverse limit is over all open normal subgroups U of G. Clearly if
O = O1 ⊕O2, then ΛO(G) = ΛO1(G)⊕ ΛO2(G).
5.1.1. Twisted group rings. Recall the definition of twisted group rings. Let R be
a ring and P be any group. Let
τ : P × P → R×,
be a two cocycle. Then the twisted group ring, denoted by R[P ]τ , is a free R-
module generated by P . We denote the image of h ∈ P in R[P ]τ by h. Hence,
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every element of R[P ]τ is a finite sum
∑
h∈P rhh and the addition is component
wise. The multiplication has the following twist:
h · h′ = τ(h, h′)hh′.
5.1.2. The Iwasawa algebra as a twisted group ring. Fix a topological generator γ
of Γ. Then γp
e
is a topological generator of Z. The Iwasawa algebra ΛO(G) is a
twisted group ring
ΛO(G) = ΛO(Z)[G]
τ ,
where τ is the twisting map given by
τ(h1γ
a1 , h2γ
a2) = γ[
a1+a2
pe
]pe ∈ ΛO(Z)
×.
Here [x] denotes the greatest integer less than or equal to x. The twisting map τ
does not depend on the choice of γ. Note that for any g, g′ ∈ G,
τ(g, g′) = τ(g′, g) i.e. τ is symmetric,
τ(g, g−1) = 1 = τ(g, 1).
5.1.3. Definition of the Ore set S. Recall the Ore set S, due to Coates et. al. [6],
mentioned in the introduction:
S(G, H) = {f ∈ ΛO(G)|ΛO(G)/ΛO(G)f is a finitely generated O-module}
We will usually denote S(G, H) by S as G and H should be clear from context. It
is proven in loc. cit. that S is a multiplicatively closed left and right Ore set and
does not contain any zero divisors. Hence we may localise to get the ring ΛO(G)S
which contains ΛO(G).
5.1.4. Some useful lemmas.
Lemma 37. The subset of S defined by T = ΛO(Z)−pΛO(Z) is a multiplicatively
closed left and right Ore subset of ΛO(G) (note that p is a uniformiser in each direct
summand of O). The inclusion of rings ΛO(G)T → ΛO(G)S is an isomorphism.
Proof: It is enough to prove the result when O is the ring of integers in a finite
unramified extension of Qp. Since the group Z is central in G, it is clear that T
is a left and right Ore set. Since ΛO(Z) is a domain, the set T does not contain
any zero divisors. Hence, the map ΛO(G)T → ΛO(G)S, induced by the inclusion
T → S, is an inclusion. We now prove that it is surjective.
Note that ΛO(G)T = ΛO(Z)T ⊗ΛO(Z) ΛO(G). We first show that
Q(ΛO(G)) = Q(ΛO(Z))⊗ΛO(Z) ΛO(G),
where Q(R) denotes the total ring of fractions of a ring R. Note that we have an
injective map
Q(ΛO(Z))⊗ΛO(Z) ΛO(G) →֒ Q(ΛO(G)).
As Q(ΛO(Z)) is a field and ΛO(G) is a free ΛO(Z)-module of finite rank, the
ring Q(ΛO(Z)) ⊗ΛO(Z) ΛO(G) is an Artinian ring. Hence every regular element
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is invertible. The ring ΛO(G) is contained in Q(ΛO(Z)) ⊗ΛO(Z) ΛO(G) and every
regular element of ΛO(G) is invertible in Q(ΛO(Z)) ⊗ΛO(Z) ΛO(G), hence the in-
jection Q(ΛO(Z)) ⊗ΛO(Z) ΛO(G) →֒ Q(ΛO(G)) must be surjective. Any element
x ∈ ΛO(G)S ⊂ Q(ΛO(G)) can be written as
a
t
, with a ∈ ΛO(G) and t a non-zero
element of ΛO(Z). If t ∈ pnΛO(Z), then tx = a ∈ pnΛO(G)S. On the other hand,
a also lies in ΛO(G), hence a ∈ pnΛO(G). Then we can divide the largest possible
power of p from t and the same power of p from a, and x can be presented as a
t
,
with a ∈ ΛO(G) and t ∈ T . 
Remark 38. We remark that ΛO(G)T = ΛO(Z)T [G]τ , for the same twisting map τ
as above. We also study the p-adic completion Λ̂O(G)T = Λ̂O(Z)T [G]τ of ΛO(G)T .
Note that ΛO(Z)T = ΛO(Z)(p).
Notations 39. In the rest of this section R denotes either ΛO(Z) or ̂ΛO(Z)(p).
For any subgroup P of G, we denote the inverse image of P in G by UP . Let NGP
be the normaliser of P in G. We put WGP = NGP/P , the Weyl group. We denote
the set of all cyclic subgroups of G by C(G).
Notations 40. Let P ≤ P ′ ≤ G. Then we denote by verP
′
P the transfer homo-
morphism from UabP ′ → U
ab
P . The homomorphism ver
P ′
P induces maps on various
Iwasawa algebras by acting through Frobenious on the coefficients. We denote this
induced map again by verP
′
P .
Let P be a cyclic subgroup of G. We denote the transfer map from UP to UP p
simply by ϕ. If P is a cyclic subgroup of G and P ′ is any subgroup of G containing
P p, then we denote by ϕ the composition
UP
ϕ
−→ UP p →֒ UP ′.
ϕ induces maps on various Iwasawa algebras by acting through Frobenius on the
coeffiecients. We denote this induced maps again by ϕ.
Definition 41. Let I1 and I2 be ideals in R[G]
τ . Then we define [I1, I2] to be the
additive subgroup of R[G]τ generated by elements of the form ab− ba, where a ∈ I1
and b ∈ I2.
Remark 42. R[Conj(G)]τ is just a R-module and multiplication is not defined.
However, taking powers of elements in Conj(G) is well defined and while doing so
we must remember the twisting map τ . Hence we put it in the notation.
Lemma 43. We have the isomorphism of R-modules
R[G]τ/[R[G]τ , R[G]τ ]→ R[Conj(G)]τ .
Notations 44. Throughout this paper we usually denote the class of g in Conj(G)
by [g].
Proof: Consider the R-module homomorphism
R[G]τ
φ
−→ R[Conj(G)]τ ,
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rgg 7→
∑
rg[g].
This map φ is surjective and since τ is symmetric, the kernel of φ contains
[R[G]τ , R[G]τ ]. We must show that it is equal to [R[G]τ , R[G]τ ]. Let
∑
rgg ∈
ker(φ). Let Cg denote the centraliser of g in G. Then for each g ∈ G, we get∑
x∈G/Cg
rxgx−1 = 0.
Consider∑
rxgx−1xgx−1 −
∑
rxgx−1g =
∑
rxgx−1(xgx−1 − g)
=
∑
rxgx−1(τ(xg, x
−1)−1xgx−1 − τ(x−1, xg)−1x−1xg)
=
∑
rxgx−1τ(xg, x
−1)−1(xgx−1 − x−1xg),
which clearly belongs to [R[G]τ , R[G]τ ]. All the sums are over x ∈ G/Cg. 
Lemma 45. For any subgroup P ≤ G, we have
ΛO(UP ) ∼= ΛO(Z)[P ]
τ ,
and
̂ΛO(UP )S ∼= ̂ΛO(Z)(p)[P ]τ ,
for the same twisting map τ as above.
Lemma 46. If P ≤ G is a cyclic subgroup, then UP is abelian (though UP is not
necessarily a direct product of Z and P ).
Definition 47. For any P ∈ C(G) with P 6= {1}, we choose and fix a non-trivial
character ωP of P of order p. We put ω1 := ω{1} to be a non-trivial character
of Z whose restriction to Zp is trivial. Then ωP induces a map on ΛO[µp](UP )
×,
on ΛO[µp](UP )
×
S , and on
̂ΛO[µp](UP )S
×
given by mapping g ∈ UP to ωP (g)g. We
denote this map by ωP again. We define a map αP , for P 6= {1}, from ΛO(UP )
×
to itself or from ΛO(UP )
×
S to itself or from
̂ΛO(UP )S
×
to itself by
αP (x) =
xp∏p−1
k=0 ω
k
P (x)
.
If P ≤ G is not cyclic or if P = {1}, we put αP (x) = xp. We put α = (αP )P≤G.
Definition 48. For two subgroup P ≤ P ′ ≤ G such that [P ′, P ′] ≤ P , we have
maps
trP
′
P : ΛO(U
ab
P ′)→ ΛO(UP/[UP ′ , UP ′]) the trace map,
nrP
′
P : ΛO(U
ab
P ′)
× → ΛO(UP/[UP ′, UP ′])
× the norm map,
and
πP
′
P : ΛO(U
ab
P )→ ΛO(UP/[UP ′, UP ′]) the natural surjection.
34 IWASAWA THEORY FOR TOTALLY REAL FIELDS
Similarly, we have trace, norm and the natural surjection maps in the localised
case and the case of p-adic completions. We again denote them by trP
′
P , nr
P ′
P and
πP
′
P respectively. We also note that if P and P
′ are cyclic then πP
′
P is identity.
Definition 49. Let P ≤ P ′ ≤ G be such that P is a normal subgroup of P ′. Then
define TP,P ′ (resp. TP,P ′,S and T̂P,P ′) to be the image of the map
ΛO(UP )→ ΛO(UP )
(resp. ΛO(UP )S → ΛO(UP )S and ̂ΛO(UP )S → ̂ΛO(UP )S),
given by x 7→
∑
g∈P ′/P g˜xg˜
−1 (g˜ is a lift of g). We denote TP,NGP (resp. TP,NGP,S
and T̂P,P ′) simply by TP (resp. TP,S and T̂P ).
Lemma 50. Let P ≤ P ′ ≤ G be two subgroups such that [P ′ : P ] = p. Let ω
be a nontrivial character of P ′/P . Consider ω as a character of UabP ′ using the
surjection UabP ′ → P
′/P . Let R be either ΛO(Z), ΛO(Z)T or Λ̂O(Z)T . Then the
norm and trace map
trP
′
P : R[P
′ab]τ → R[P/[P ′, P ′]]τ ,
nrP
′
P : (R[P
′ab]τ )× → (R[P/[P ′, P ′]]τ )×
are given by
trP
′
P (x) =
p−1∑
k=0
ωk(x)
nrP
′
P (x) =
p−1∏
k=0
ωk(x).
Here ωk is the map from O[µp] ⊗O R[P ′ab]τ to itself given by mapping g ∈ UabP ′ to
ωk(g)g.
Proof: Let P ′/P = {1, g, . . . , gp−1}. Then R[P ′ab]τ is a free R[P/[P ′, P ′]]τ -module
with basis {1, g, . . . , gp−1}. Let x = a0 + a1g+ · · ·+ ap−1gp−1 ∈ R[P ′ab]τ with each
ai ∈ R[P/[P ′, P ′]]τ . The matrix (with respect to the basis {1, g, . . . , gp−1}) of the
R[P/[P ′, P ′]]τ -linear map on R[P ′ab]τ defined by multiplication by x is

a0 a1 · · · ap−1
gpap−1 a0 · · · ap−2
...
...
gpa1 g
pa2 · · · a0

 .
For each 0 ≤ k ≤ p − 1, (1, ωk(g)g, · · · , ωk(gp−1)gp−1) is an eigenvector of the
above matrix with eigenvalue ωk(x). Hence the lemma. 
5.2. Statements of the main algebraic theorems.
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5.2.1. The maps θG and θGS . Recall that for every subgroup P of G, we denote by
UP the inverse image of P in G. Then there is a map θGO,P given by the composition
θGO,P : K
′
1(ΛO(G))
norm
−−−→ K ′1(ΛO(UP ))→ K
′
1(ΛO(U
ab
P )) = ΛO(U
ab
P )
×,
where the second map is induced by natural surjection. We remark that if P ∈
C(G), then UP is abelian and θ
G
O,P is just the norm map. Let θ
G
O be the map
θGO = (θ
G
O,P )P≤G : K
′
1(ΛO(G))→
∏
P≤G
ΛO(U
ab
P )
×.
Similarly, we have maps θGO,S and θ̂
G
O
θGO,S : K
′
1(ΛO(G)S)→
∏
P≤G
ΛO(U
ab
P )
×
S .
θ̂GO : K
′
1(Λ̂O(G)S)→
∏
P≤G
̂ΛO(UabP )S
×
.
We denote θGO , θ
G
O,S and θ̂
G
O by θ
G, θGS and θ̂
G respectively if O is clear from the
context. Our main theorem shows that θG is injective, describes its image and
shows that image of θGS intersected with
∏
P≤GΛO(UP )
× is exactly the image of
θG.
5.2.2. Definition of the subgroups ΦG, ΦGS and Φ̂
G. The group G acts on the set∏
P≤G U
ab
P by conjugation. Since Z is central in G, we get an induced action of G
on the set
∏
P≤G U
ab
P . We use it in the following definition.
Definition 51. Let ΦGO (resp. Φ
G
O,S and Φ̂
G
O,S) be the subgroup of
∏
P≤GΛO(U
ab
P )
×
(resp.
∏
P≤GΛO(U
ab
P )
×
S and
∏
P≤G
̂ΛO(UabP )S
×
) consisting of tuples (xP ) satisfying
M1. For any P ≤ P ′ ≤ G such that [P ′, P ′] ≤ P , we have
nrP
′
P (xP ′) = π
P ′
P (xP ).
M2. (xP ) is fixed under conjugation action by every g ∈ G.
M3. For every P ≤ P ′ ≤ G such that [P ′ : P ] = p, we have
verP
′
P (xP ′) ≡ xP (mod TP,P ′)(resp. TP,P ′,S and T̂P,P ′).
M4. For every P ∈ C(G) and P 6= {1} we have the following congruence
αP (xP ) ≡
∏
P ′
ϕ(αP ′(xP ′))(mod pTP ) (resp. pTP,S and pT̂P ),
where the product runs through all P ′ ∈ C(G) such that P ′p = P and P ′ 6= P . For
P = {1} we have the congruence
xp{1} ≡ ϕ(x{1})
∏
P ′
ϕ(αP ′(xP ′))(mod pT{1}) (resp. pT{1},S and pT̂{1}),
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where the product runs through all P ′ ∈ C(G) such that P ′ 6= {1} and P ′p = {1}.
We denote ΦGO (resp. Φ
G
O,S and Φ̂
G
O,S) by Φ
G (resp. ΦGS and Φ̂
G
S ) if O is clear from
the context.
5.2.3. The theorems.
Theorem 52. The map θG induces an isomorphism
K ′1(ΛO(G))
∼
−→ ΦG.
Theorem 53. The image of θGS is contained in Φ
G
S . Hence
ΦGS ∩
∏
P≤G
ΛO(U
ab
P )
× = Im(θG).
Remark 54. Compare definition 51 and theorems 52 and 53 with definition 29
and proposition 30. See also remark 32 after proof of proposition 30.
Note that if O = O1 ⊕ · · · ⊕On, then under the isomorphism∏
P≤G
ΛO(U
ab
P )
× ∼= ⊕ni=1
∏
P≤G
ΛOi(U
ab
P )
×
(resp. ∏
P≤G
ΛO(U
ab
P )
×
S
∼= ⊕ni=1
∏
P≤G
ΛOi(U
ab
P )
×
S
and ∏
P≤G
̂ΛO(UabP )S
×
∼= ⊕ni=1
∏
P≤G
̂ΛOi(U
ab
P )S
×
),
ΦGO (resp. Φ
G
O,S and Φ̂
G
O,S) maps to ⊕
n
i=1Φ
G
Oi
(resp. ⊕ni=1Φ
G
Oi,S
and ⊕ni=1Φ̂
G
Oi,S
).
Hence for the proofs of theorems 52 and 53 (i.e in rest of section 5) we may and
do assume that O is a ring of integers in a finite unramified extension of Qp.
5.3. An additive theorem.
5.3.1. The Statement. For every subgroup P ofG, the Weyl groupWGP = NGP/P
acts R-linearly on R[P ab]τ by conjugation on P . For any P ≤ G, define a map
tGP : R[Cong(G)]
τ → R[P ab]τ
as follows: let C(G,P ) denote any set of left coset representatives of P in G. Then
tGP (g) =
∑
x∈C(G,P )
{(x−1)(g)(x)|x−1gx ∈ P}.
This is a well-defined R-linear map, independent of the choice of C(G,P ). For any
P ∈ C(G), define
ηP : R[P ]
τ → R[P ]τ ,
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by R-linearly extending the map
ηP (h) =
{
h if h is a generator of P
0 if not.
In other words ηP (x) = x−
1
p
∑p−1
k=0 ω
k
P (x).
Definition 55. Define βGP : R[Conj(G)]
τ → R[P ab]τ by
βGP =
{
ηP ◦ tGP if P ∈ C(G)
tGP if P ≤ G is not cyclic
and βGR by
βGR = (β
G
P )P≤G : R[Conj(G)]
τ →
∏
P≤G
R[P ab]τ .
Sometimes we denote βGΛO(Z) by just β
G.
Definition 56. Let P ∈ C(G) be a cyclic subgroup of G. We define TP,R to be the
image of the map
tr : R[P ]τ → R[P ]τ x 7→
∑
g∈WGP
(g)(x)(g−1).
It is an ideal in the ring (R[P ]τ )WGP . Hence TP,ΛO(Z) = TP and TP, ̂ΛO(Z)(p)
= T̂P .
If P ≤ P ′ ≤ G are such that [P ′ : P ] = p then P is normal in P ′ and the
commutator subgroup [P ′, P ′] is contained in P . In addition, if P is a nontrivial
cyclic group then [P ′, P ′] is a proper subgroup of P . In this case the map ηP
descends to a map on R[P/[P ′, P ′]]τ , which we again denote by ηP , such that the
following diagram commutes
R[P ]τ
ηP
//
πP
′
P

R[P ]τ
πP
′
P

R[P/[P ′, P ′]] ηP
// R[P/[P ′, P ′]]
We use this map in the following definition.
Definition 57. Let ψGR ⊂
∏
P≤GR[P
ab]τ be the subgroup consisting of all tuples
(aP ) such that
A1. Let P ≤ P ′ ≤ G such that [P ′, P ′] ≤ P and if P is a non-trivial cyclic group
then [P ′, P ′] 6= P . If P is not cyclic, then trP
′
P (aP ′) = π
P ′
P (aP ). If P cyclic and P
′
is not cyclic then ηP (tr
P ′
P (aP ′)) = π
P ′
P (aP ). If P
′ is cyclic, then trP
′
P (aP ′) = 0.
A2. (aP )P∈C(G) is invariant under conjugation action by every g ∈ G.
A3. For all P ∈ C(G), aP ∈ TP,R.
Sometimes we denote ψGΛO(Z) by just ψ
G.
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Theorem 58. The homomorphism βGR induces an isomorphism between R[Conj(G)]
τ
and ψGR .
Remark 59. The injectivity of βGR follows directly from Artin’s induction theorem
(theorem 17 in Serre [36]) which says that a linear representation of a finite group is
a Q-linear combination of representations induced from cyclic subgroups (note that
R[Cong(G)]τ is torsion free). Therefore in fact Artin’s induction theorem gives
injectivity of βGR composed with the projection
∏
P≤GR[P
ab]τ →
∏
P∈C(G)R[P ]
τ .
We prove this injectivity directly. The sufficiency of using cyclic subgroups of G
is reflected in our proof in the definition of δ below. Hence on the additive side
it is enough to work with cyclic subgroups of G but on the multiplicative side (i.e.
on K1) cyclic subgroups of G are not enough because K1 has non-trivial torsion
subgroup.
5.3.2. The Proof.
Lemma 60. The image of βGR is contained in ψ
G
R .
Proof: It is enough to show that βGR ([g]) ∈ ψ
G
R , for any g ∈ G, i.e. it satisfies A1,
A2 and A3.
A1. Let P ≤ P ′ ≤ G. First note that [P ′, P ′] ≤ P implies that P is normal in P ′.
We first show that the following diagram commutes.
R[Conj(G)]τ
tG
P ′
//
tGP

R[(P ′)ab]τ
trP
′
P

R[P ab]τ
πP
′
P
// R[P/[P ′, P ′]]τ
Let h ∈ P ′, then trP
′
P (h) = 0 unless h ∈ P in which case it is
trP
′
P (h) = [P
′ : P ]h ∈ R[P/[P ′, P ′]]τ .
On the other hand πP
′
P (t
P ′
P ([h])) = 0 unless h ∈ P in which case it is
πP
′
P (t
P ′
P ([h])) = [P
′ : P ]h ∈ R[P/[P ′, P ′]]τ .
Hence for any g ∈ G, we have
trP
′
P (t
G
P ′([g])) = [P
′ : P ]
∑
x∈C(G,P ′)
{[x−1gx] : x−1gx ∈ P}
= πP
′
P (t
G
P ([g]))
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This shows A1 when P noncyclic. Now if P is cyclic and P ′ is not, then the above
proof shows that the following diagram commutes
R[Conj(G)]τ
βG
P ′
//
tGP

R[(P ′)ab]τ
trP
′
P

R[P ]τ
πP
′
P
// R[P/[P ′, P ′]]
i.e. trP
′
P (β
G
P ′([g])) = π
P ′
P (t
G
P ([g])). Applying ηP to both side gives
ηP (tr
P ′
P (β
G
P ′([g]))) = ηP (π
P ′
P (t
G
P ([g])))
ηP (tr
P ′
P (β
G
P ′([g]))) = π
P ′
P (β
G
P ([g]))
Lastly, if P < P ′ are both cyclic then it is clear that trP
′
P ([h¯]) = 0 unless h ∈ P ,
in which case trP
′
P ([h¯]) = [P
′ : P ][h¯]. Since the coefficient of any element g′ ∈ P ′
in βGP ′([g]) is 0 if g
′ does not generate P ′, it is clear that trP
′
P (β
G
P ′([g])) = 0.
A2. For any g, g1 ∈ G, we must show that g1βGP ([g])g
−1
1 = β
G
g1Pg
−1
1
([g]), for any
P ∈ C(G).
g1t
G
P ([g])g
−1
1 = g1(
∑
x∈C(G,P )
{[x−1gx] : x−1gx ∈ P})g−11
=
∑
x∈C(G,P )
{[(g1x−1g
−1
1 )(g1gg
−1
1 )(g1xg
−1
1 )] : x
−1gx ∈ P}
=
∑
x1∈C(G,g1Pg
−1
1 )
{[x−11 (g1gg
−1
1 )x1] : x
−1
1 g1gg
−1
1 x1 ∈ g1Pg
−1
1 }
= tG
g1Pg
−1
1
([g1gg
−1
1 ])
= tG
g1Pg
−1
1
([g]).
Note that on several occasions above we have used g¯1g¯g
−1
1 = g1gg
−1
1 . A2 now
follows easily.
A3. We must show that tGP ([g¯]) ∈ TP,R for any P ∈ C(G), since ηP (TP,R) ⊂ TP,R
for any nontrivial cyclic subgroup P .
tGP ([g]) = t
NGP
P (t
G
NGP
([g])).
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Hence, it is enough to show that tNGPP ([g]) ∈ TP,R for any g ∈ NGP . But t
NGP
P ([g])
is non-zero if and only if g ∈ P , and when g ∈ P , we have
tNGPP ([g]) =
∑
x∈C(NGP,P )
x−1gx
=
∑
x∈WGP
x−1gx ∈ TP,R.
This finishes proof of the lemma. 
Definition 61. We define a left inverse δ of βGR by
δ :
∏
P≤G
R[P ab]τ → R[Conj(G)]τ [
1
p
],
by putting δ =
∑
P≤G δP and defining δP to be 0 if P is not cyclic and for P ∈ C(G)
by
δP : R[P
ab]τ → R[Conj(G)]τ [
1
p
],
x ∈ R[P ab]τ 7→
1
[G : P ]
[x] ∈ R[Conj(G)]τ [
1
p
].
Lemma 62. δ ◦ βGR is identity on R[Conj(G)]
τ . In particular, βGR is injective.
Proof: For any g ∈ G, we show that δ(βGR([g])) = [g]. Let P be the cyclic
subgroup of G generated by g. Let C be the set of all conjugates of P in G. Then
δ(βGR ([g])) =
∑
P ′∈C
δP ′(β
G
R ([g]))
=
∑
P ′∈C
1
[G : P ]
[βGR ([g])]
=
1
[G : P ]
∑
P ′∈C
[NGP
′ : P ′][g]
=
1
[G : NGP ]
∑
P ′∈C
[g] = [g]

Lemma 63. The restriction of δ to the subgroup ψGR is injective and its image lies
in R[Conj(G)]τ .
Proof: Let (aP ) ∈ ψGR be such that δ((aP )) = 0. We claim that δP (aP ) = 0 for
each P ∈ C(G). This follows from two simple observations: firstly, by A1 δP (aP )
and δP ′(aP ′) cannot cancel each other unless P and P
′ are conjugates; but when
P and P ′ are conjugates, δP (aP ) = δP ′(aP ′) by A2. Hence δP (aP ) = 0 for every
P ∈ C(G).
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Let P ∈ C(G) and aP =
∑
g∈P rgg. Then δP (aP ) =
1
[G:P ]
∑
g∈P rg[g]. Let
H0(NGP, P ) be the orbit set for the conjugation action of NGP on P . Then
δP (aP ) =
∑
x∈H0(NGP,P )
∑
g∈x
rg[g].
If g, g′ ∈ x ∈ H0(NGP, P ), then rg = rg′ by A2. Call it rx. Hence,
δP (aP ) =
∑
x∈H0(NGP,P )
rx
∑
g∈x
[g] = 0.
Hence rx = 0 for all x ∈ H0(NGP, P ). Hence we get that aP = 0 for every
P ∈ C(G).
Next we show that aP = 0 for every P ≤ G. We do this by using induction
on order of P . Assume that P ′ is a subgroup of G of smallest order such that
aP ′ 6= 0. Then P ′ cannot be cyclic. Let aP ′ =
∑
h∈(P ′)ab ahh. Let h0 ∈ (P
′)ab be
such that ah0 6= 0. Let h˜0 be any lift of h0 to P
′. Let P be a maximal subgroup of
P ′ containing h˜0. Then [P
′ : P ] = p. We have to consider two cases:
Case1: when P is cyclic. We claim that h˜0 is a generator of P . Since P is cyclic
and P ′/P ∼= Cp, the cyclic group of order p, the group P ′ is isomorphic to P ⋊Cp.
If h˜0 is not a generator of P then h˜0 ∈ P p. Take P ′′ = P p ⋊ Cp. If P p = {1},
then h˜0 = 1 and P
′ = P ×Cp. Hence trP
′
{1}(aP ′) = p
2ah0 6= 0 and by A1 applied to
{1} ≤ P ′ ≤ G we get , a contradiction to the fact that a{1} = 0. If P
p 6= {1} then
we apply A1 to P ′′ ≤ P ′ ≤ G.
trP
′
P ′′(aP ′) = p
∑
h∈P ′′/[P ′,P ′]
ahh.
Since the coefficient ah0 6= 0 we get that tr
P ′
P ′′(aP ′) = π
P ′
P ′′(aP ′′) 6= 0. Hence aP ′′ 6= 0,
a contradiction because P ′ is the smallest order group such that aP ′ 6= 0. Hence
h˜0 generates P . Since P
′ is not cyclic h˜0 6= 1. Hence [P ′, P ′] < P . Hence
ηP (tr
P ′
P (aP ′)) = p
( ∑
h generates P/[P ′,P ′]
ahh
)
6= 0.
But by A1 this must be same as πP
′
P (aP ) = 0, a contradiction.
Case 2. When P is not cyclic, by A1 trP
′
P (aP ′) = 0. But the coefficient of h0 in
trP
′
P (aP ′) is pah0 6= 0 which is a contradiction.
Hence aP = 0 for all P ≤ G and we get injection of δ.
Next we show that the image of δ restricted to ψGR lies in R[Cong(G)]
τ . A3 says
that aP ∈ TP,R for every P ∈ C(G). Let aP = tr(bP ) for some bP ∈ R[P ]τ . Then
δP (aP ) = δP (
∑
x∈WGP
xbPx
−1)
= [NGP : P ]δP (bP ).
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On the other hand∑
x∈C(G,NGP )
δxPx−1(axPx−1) = [G : NGP ]δP (aP ), by A2
= [G : P ]δP (bP ) ∈ R[Conj(G)]
τ .

Proof of theorem 58: δ|ψGR is injective and δ ◦ β
G
R is identity on R[Conj(G)]
τ .
We claim that βGR ◦ δ is identity on ψ
G
R . Let (aP ) ∈ ψ
G
R , then δ(β
G
R(δ((aP )))) =
δ((aP )). Since the image of β
G
R is contained in ψ
G
R and δ is injective on ψ
G
R , we get
βGR (δ((aP ))) = (aP ).

Consider the map
idQp ⊗ β
G
R : Qp ⊗Zp R[Conj(G)]
τ →
∏
P≤G
Qp ⊗ R[P ab]τ .
Proposition 64. The map idQp ⊗ β
G
R is injective. Its image consists of all tuples
(aP ) satisfying
A1. Let P ≤ P ′ ≤ G such that [P ′, P ′] ≤ P and if P is a non-trivial cyclic
group then [P ′, P ′] 6= P . If P is not cyclic, then trP
′
P (aP ′) = π
P ′
P (aP ). If P
is not cyclic, then trP
′
P (aP ′) = π
P ′
P (aP ). If P cyclic and P
′ is not cyclic then
ηP (tr
P ′
P (aP ′)) = π
P ′
P (aP ). If P
′ is cyclic, then trP
′
P (aP ′) = 0.
A2. (aP )P∈C(G) is invariant under conjugation action by every g ∈ G.
Hence, if (idQp ⊗ β
G
R )(a) = (aP ) ∈
∏
P≤GQp ⊗ R[P
ab]τ is such that aP ∈ TP,R for
all P ∈ C(G), then a ∈ R[Conj(G)]τ and aP ∈ R[P ab]τ for all P ≤ G.
Proof: The statement about injectivity and image follows directly from theorem
58. Note that if aP satisfies A2 then it lies in Qp ⊗ TP,R.
Now let (idQp ⊗β
G
R )(a) = (aP ) be such that aP ∈ TP,R for every P ∈ C(G). The
map δ shows that a is determined by aP ’s for cyclic P . Because aP ∈ TP,R for
all P ∈ C(G), the inverse image a lies in R[Conj(G)]τ and aP ∈ R[P
ab]τ for all
P ≤ G. 
5.4. Logarithm for Iwasawa algebras. Logarithms on K1 groups of p-adic or-
ders were constructed by R. Oliver and M. Taylor. In this subsection we follow R.
Oliver [27] to define logarithm homomorphism on K1-groups of Iwasawa algebras,
a straightforward generalisation of the construction of R. Oliver and M. Taylor. In
this subsection let R denote the ring ̂ΛO(Z)(p). Let JR be the Jacobson radical of
R[G]τ . Since G is pro-p, the ring R[G]τ is a local ring and hence JR is its maximal
ideal. We have the series
Log(1 + x) =
∞∑
i=1
(−1)i+1
xi
i
,
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and
Exp(x) =
∞∑
i=0
xi
i!
.
Lemma 65. The ideal JR/pR[G]
τ is a nilpotent ideal of R[G]τ/pR[G]τ .
Proof: Let k = O/(p). We have the following exact sequence
0→ JR/pR[G]
τ → Q(k[[G]])→ Q(k[[Γ]])→ 0.
Let N be the kernel of the map k[[G]] → k[[Γ]], and let IH be the kernel of the
map k[H ]→ k. Then N = k[[G]]IH . Since H is a finite p-group, we have
Nn = k[[G]]InH = 0,
for some positive integer n. By lemma 37 we can write any element x ∈ Q(k[[G]])
as x = a
t
, with a ∈ k[[G]] and t ∈ k[[Z]]. Also, x ∈ JR/pR[G]τ if and only if a ∈ N .
As t is central, we deduce that JR/pR[G]
τ is nilpotent.

Lemma 66. Let I ⊂ JR be any ideal of R[G]τ . Then
1) For any x ∈ I, the series Log(1 + x) converges to an element in R[G]τ [1
p
].
Moreover, for any u, v ∈ 1 + I
(2) Log(uv) ≡ Log(u) + Log(v)(mod [R[G]τ [
1
p
], I[
1
p
]]).
2) If I ⊂ ξR[G]τ , for some central element ξ such that ξp ∈ pξR[G]τ , then for all
u, v ∈ 1 + I, Log(u) and Log(v) converge to an element in I and
(3) Log(uv) ≡ Log(u) + Log(v)(mod [R[G]τ , I]).
In addition, if Ip ⊂ pIJR, then the series Exp(x) converges to an element in 1+ I
for all x ∈ I; the maps defined by Exp and Log are inverse bijections between I
and 1+ I. Moreover, Exp([R[G]τ , I]) ⊂ E(R[G]τ , I) and for any x, y ∈ I, we have
(4) Exp(x+ y) ≡ Exp(x) · Exp(y)(mod E(R[G]τ , I)).
Proof: This is an analogue of lemma 2.7 in R. Oliver [27]. We reproduce the
proof here indicating the modifications needed in our situation.
Step 1. The ring R[G]τ is JR-adically complete (this follows from the previous
lemma), for any x ∈ I ⊂ JR, the terms x
n converges to 0 in I and xn/n converges
to 0 in I[1
p
]. Hence the series Log(1 + x) converges in I[1
p
] ⊂ R[G]τ [1
p
].
If I ⊂ ξR[G]τ , for some central ξ such that ξp ∈ pξR[G]τ , then Ip ⊂ pI. Hence
In ⊂ nI for every positive integer n. So xn/n ∈ I. Hence the series Log(1 + x)
converges to an element in I ⊂ R[G]τ .
Furthermore, if Ip ⊂ pIJR, note that for any positive integer n such that pk ≤
n < pk+1
In ⊂ p([n/p]+[n/p
2]+···+[n/pk])IJkR = n!IJ
k
R.
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Recall that [y] denotes the greatest integer less than or equal to y and that
n!p−([n/p]+···+[n/p
k]) is a p-adic unit. Hence Exp(x) converges to an element in
1 + I. The fact that Log and Exp are inverse bijections between 1 + I and I is
formal.
Step 2. For any I ⊂ JR, set
U(I) =
∑
m≥0,n≥1
1
m+ n
[Im, In] ⊂ [R[G]τ [
1
p
], I[
1
p
]],
a R-submodule of R[G]τ [1
p
]. If I ⊂ ξR[G]τ , where ξ is a central element such that
ξp ∈ pξR[G]τ , then ξn ∈ nξR[G]τ , and
U(I) = 〈[r,
ξm+n
m+ n
s] : m ≥ 0, n ≥ 1, ξmr ∈ Im, ξns ∈ In, ξr, ξs ∈ I〉 ⊂ [R[G]τ , I].
So the congruences (2) and (3) will both follow once we have shown that for every
I ⊂ JR and every x, y ∈ I
Log((1 + x)(1 + y)) ≡ Log(1 + x) + Log(1 + y)(mod U(I)).
For each n ≥ 1, we let Wn be the set of formal ordered monomials of length n
in two variables a, b. For w ∈ Wn, set
C(w) = orbit of w in Wn under cyclic permutations.
k(w) = number of occurrences of ab in w.
r(w) = coefficients of w in Log(1 + a + b+ ab) =
∑k(w)
i=0 (−1)
n−i−1 1
n−i
(
k(w)
i
)
.
If w′ ∈ C(w), then it is clear that w(x, y) ≡ w′(x, y)(mod [I i, Ij]) for some
i, j ≥ 1 such that i+ j = n. So
Log(1 + x+ y + xy) =
∞∑
n=1
∑
w∈Wn
r(w)w(x, y)
≡
∞∑
n=1
∑
w∈Wn/C
( ∑
w′∈C(w)
r(w′)
)
w(x, y)(mod U(I)).
Let k = max{k(w′) : w′ ∈ C(w)}. Let |C(w)| = n/t. Then C(w) contains k/t
elements with exactly (k − 1) ab’s and (n− k)/t elements with k ab’s. Hence
∑
w′∈C(w)
r(w′) =
1
t
k∑
i=0
(−1)n−i−1
1
n− i
(
(n− k)
(
k
i
)
+ k
(
k − 1
i
))
=
1
t
k∑
i=0
(−1)n−i−1
1
n− i
(
(n− k)
(
k
i
)
+ (k − i)
(
k
i
))
=
1
t
k∑
i=0
(−1)n−i−1
(
k
i
)
,
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which is 0 unless k = 0, in which case it is equal to (−1)n−1 1
n
. Thus
Log(1+x+y+xy) ≡
∞∑
n=1
(−1)n−1
(xn
n
+
yn
n
)
= Log(1+x)+Log(1+y) (mod U(I)).
Step 3. We now prove the congruence (4). Exp and Log induce bijection between
I and 1 + I. Hence
Log(Exp(x)Exp(y)) ≡ x+ y (mod U(I)),
which gives
Exp(x)Exp(y)Exp(x+ y)−1 ∈ Exp(x+ y + U(I))Exp(−x− y)
⊂ Exp(U(I)) ⊂ Exp([R[G]τ , I]).
Hence we only need to prove that Exp([R[G]τ , I]) is contained in E(R[G]τ , I).
Choose and fix a set of R generators {[s1, v1], . . . , [sm, vm]} of [R[G]τ , I], with
si ∈ R[G]τ and vi ∈ I and choose an expression x =
∑m
i=1 ai[si, vi] for an element
x ∈ [R[G]τ , I]. Define
ψ(x) =
m∏
i=1
(Exp(aisivi)Exp(aivisi)
−1).
Note that ψ(x) depends on the choice of the above expression for x.
For any r ∈ R[G]τ and any x ∈ I, an identity of Vaserstein gives
Exp(rx)Exp(xr)−1 =
(
1 + r(
∞∑
n=1
x(rx)n−1
n!
)
)(
1 + (
∞∑
n=1
x(rx)n−1
n!
)r
)−1
∈ E(R[G]τ , I).
Hence Im(ψ) ⊂ E(R[G]τ , I). For any k ≥ 1 and any x, y ∈ pkI,
Exp(x)Exp(y) ≡ Exp(x+ y)(mod U(pkI) ⊂ p2kU(I) ⊂ p2k[R[G]τ , I]).
Also, for any k, l ≥ 1 and any x ∈ pkI, y ∈ plI,
Exp(x)Exp(y) ≡ Exp(y)Exp(x)(mod [pkI, plI] ⊂ pk+l[R[G]τ , I]).
So for any l ≥ k ≥ 1, and any x ∈ pk[R[G]τ , I] and y ∈ pl[R[G]τ , I], choose an
expression x =
∑m
i=1 ai[si, vi] and y =
∑m
i=1 bi[si, vi] and x+y =
∑m
i=1(ai+bi)[si, vi],
then
ψ(x) ≡ Exp(x)(mod p2k[R[G]τ , I])
(5) ψ(x+ y) ≡ ψ(x)ψ(y) ≡ ψ(x)Exp(y)(mod pk+l[R[G]τ , I]).
For arbitrary u ∈ Exp(p[R[G]τ , I]), define a sequence x0, x1, x2, . . . in [R[G]τ , I] by
setting
x0 = Log(u) ∈ p[R[G]
τ , I]; xi+1 = xi + Log(ψ(xi)
−1u),
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We need to choose a representation x0 =
∑m
j=1 aj [sj , vj] and at each stage we need
to choose a representation Log(ψ(xi)
−1u) =
∑m
j=1 cj[sj , vj]. This inductively gives
a natural representation for all xi’s. By (5), applied inductively for all i ≥ 0,
ψ(xi) ≡ u, xi+1 ≡ xi (mod p
2+i[R[G]τ , I]).
Then xi converges and we get a natural representation for limi→∞ xi in terms
as a linear combination of the fixed set of generators. If we use this to define
ψ(limi→∞ xi), we get u = ψ(limi→∞ xi). This shows that
Exp(p[R[G]τ , I]) ⊂ Im(ψ) ⊂ E(R[G]τ , I).
Now define subgroups Dk, for all k ≥ 0, by setting
Dk = 〈rx− xr : x ∈ I, r ∈ R[G]
τ , rx, xr ∈ IJkR〉 ⊂ [R[G]
τ , I] ∩ IJkR.
By the hypothesis on I, for all k ≥ 0,
U(IJkR) =
∑
m,n≥1
1
m+ n
[(IJkR)
m, (IJkR)
n]
= 〈[r,
ξn
n
s] : n ≥ 2, ξr, ξs ∈ IJkR, ξ
nrs, ξnsr ∈ (IJkR)
n ⊂ nIJk+1R 〉
⊂ Dk+1.
This shows that Exp(Dk) ⊂ Exp([R[G]τ , I]) are both normal subgroups of (R[G]τ )×.
Also, for any x, y ∈ IJkR,
(6) Exp(x)Exp(y) ≡ Exp(x+ y)(mod Exp(U(IJkR)) ⊂ Exp(Dk+1)).
For any k ≥ 0 and any x ∈ Dk, if we write x =
∑
(rixi − xiri), where ri ∈
R[G]τ , xi ∈ I and rixi, xiri ∈ IJ
k
R, then by above
Exp(x) ≡
∏
(Exp(rixi)Exp(xiri)
−1)(mod Exp(Dk+1))
≡ 1(mod E(R[G]τ , I)).
In other words, Exp(Dk) ⊂ E(R[G]τ , I)Exp(Dk+1) for all k ≥ 0. But for a large
enough k, Dk ⊂ p[R[G]
τ , I]. Hence we get
Exp(R[G]τ , I]) ⊂ Exp(D0) ⊂ E(R[G]
τ , I)Exp(p[R[G]τ , I]) ⊂ E(R[G]τ , I).

Proposition 67. For any ideal I ⊂ JR of R[G]τ , the p-adic logarithm Log(1+x),
for any x ∈ I, induces a unique homomorphism
logI : K1(R[G]
τ , I)→ (I/[R[G]τ , I])⊗Zp Qp.
If, furthermore, I ⊂ ξR[G]τ for some central ξ such that ξp ∈ pξR[G]τ , then the
logarithm induces a homomorphism
logI : K1(R[G]
τ , I)→ I/[R[G]τ , I],
and logI is an isomorphism if I
p ⊂ pIJR.
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Proof: This is an analogue of theorem 2.8 of R. Oliver [27]. By the previous
lemma
(7) L : 1 + I
Log
−−→ I[
1
p
]
proj
−−→ I[
1
p
]/[R[G]τ , I[
1
p
]],
is a homomorphism. For each n ≥ 1, let
(8) Trn : Mn(I[
1
p
])/[Mn(R[G]
τ [
1
p
]),Mn(I[
1
p
])]→ I[
1
p
]/[R[G]τ [
1
p
], I[
1
p
]]
be the homomorphism induced by the trace map. Then (7), applied to the ideal
Mn(I) ⊂Mn(R[G]τ ), induces a homomorphism
Ln : 1 +Mn(I) = GLn(R[G]
τ , I)
Log
−−→Mn(I[
1
p
])/[Mn(R[G]
τ [
1
p
]),Mn(I[
1
p
])]
Trn−−→ I[
1
p
]/[R[G]τ , I[
1
p
]].
For any n, and any u ∈ 1 +Mn(I) and r ∈ GLn(R[G]τ ).
Ln([r, u]) = Ln(rur
−1)− Ln(u) = Trn(rLog(u)r
−1)− Trn(Log(u)) = 0.
So L∞ = ∪Ln factors through a homomorphism
logI : K1(R[G]
τ , I) = GL(R[G]τ , I)/[GL(R[G]τ ), GL(R[G]τ , I)]
→ I[
1
p
]/[R[G]τ [
1
p
], I[
1
p
]].
If I ⊂ ξR[G]τ , for some central element ξ, such that ξp ∈ pξR[G]τ , then the
same argument by the second part of the above lemma gives a homomorphism
logI : K1(R[G]
τ , I)→ I/[R[G]τ , I].
If in addition, Ip ⊂ pIJR, then Log is bijective and Log−1([R[G]τ , I]) ⊂ E(R[G]τ , I]),
by the last part of lemma above. Hence logI is an isomorphism.

Now consider the case of ΛO(G). Let F be the field of fractions of O. For
a profinite group P let F [[P ]] denote lim
←−
U
F [P/U ], where U runs through open
normal subgroups of P . Let Gn = G/Z
pn. Then for each n ≥ 0 we have, by R.
Oliver ([27] chapter 2), a unique homomorphism
log : K1(O[Gn])→ F [Cong(Gn)].
Since logarithm kills torsion we have a homomorphism
log : K ′1(O[Gn])→ F [Cong(Gn)].
Taking the inverse limit over n’s gives
log : K ′1(ΛO(G))→ lim←−
n
F [Cong(Gn)] = F [[G]].
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Remark 68. In the case when R = ̂ΛO(Z)(p) is it is not clear if we can extend
the homomorphism logJR to K1(R[G]
τ ) is any canonical fashion. However, for our
purposes logJR suffices.
5.5. Integral logarithm. Again we follow R. Oliver [27] to construct the integreal
logarithm homomorphism from K1 of Iwasawa algebras. This is a straightforward
generalisation of the integral logarithm on K1 of p-adic group rings of finite groups
contructed by R. Oliver and M. Taylor.
As before R denotes either ΛO(Z) or ̂ΛO(Z)(p).
Definition 69. Let ϕ be the map on R induced by the Frobenius map on O and the
p-power map on Z. We extend this to a map, still denoted by ϕ, to R[Conj(G)]τ
by mapping [g] to [gp] (remember that gp is not the same as gp).
5.5.1. Integral logarithm homomorphism for Λ(G). For every n ≥ 0, let Gn =
G/Zp
n
. The integral logarithm map defined by R. Oliver and M. Taylor is
L : K ′1(O[Gn])→ O[Conj(Gn)],
defined as L = log − ϕ
p
log, where ϕ : O[Conj(Gn)] → O[Conj(Gn)] is the map
induced by Frobenius on O and the p-power map on Gn. The kernel of L is
K ′1(O[Gn])tor which is equal to µ(O) × G
ab
n by a theorem of G. Higman [16] and
C.T.C. Wall [42]. Here µ(O) denotes the torsion subgroup of O×. In fact, we have
an exact sequence (R. Oliver [27], theorem 6.6)
(9) 1→ µ(O)×Gabn → K
′
1(O[Gn])
L
−→ O[Cong(Gn)]
ω
−→ Gabn → 1.
Here the map ω is defined by∑
g∈Conj(Gn)
agg =
∏
g
(g)trO/Zp(ag).
Definition 70. We define the integral logarithm map L on K ′1(ΛO(G)) by taking
the inverse limit of the sequence (9) over all n’s and get an exact sequence
1→ µ(O)× Gab → K ′1(ΛO(G))
L
−→ ΛO(Z)[Cong(G)]
τ ω−→ Gab → 1.
5.5.2. Integral logarithm homomorphism for Λ̂(G)S. Let J denote the kernel of the
natural surjection
Λ̂O(G)S → ̂ΛO(Γ)(p).
Since Λ̂O(G)S is local, the following maps are surjective
Λ̂O(G)S
×
→ K ′1(Λ̂O(G)S),
and
1 + J → K1(Λ̂O(G)S, J).
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We have an exact sequence
1→ 1 + J → Λ̂O(G)S
×
→ ̂ΛO(Γ)(p)
×
→ 1,
which splits using the distinguished embedding Γ →֒ G. Hence any element x ∈
Λ̂O(G)S
×
can be written uniquely as x = uy, for u ∈ 1 + J and y ∈ ̂ΛO(Γ)(p)
×
. As
a result we get the following
Lemma 71. Every x ∈ K ′1(Λ̂O(G)S) can be written as a product x = uy, where
y ∈ K ′1(
̂ΛO(Γ)(p)) and u lies in the image of K1(Λ̂O(G)S, J) in K ′1(Λ̂O(G)S).

Lemma 72. For any y ∈ K1( ̂ΛO(Γ)(p)), we have
yp
ϕ(y)
≡ 1(mod p ̂ΛO(Γ)(p))
Hence the logarithm of y
p
ϕ(y)
is defined.
Proof: The ring ̂ΛO(Γ)(p)/p ̂ΛO(Γ)(p) is isomorphic to the domainO/(p)[[Γ]] (Recall
that (p) is the maximal ideal of O since we have assumed that O is unramified
extension of Zp). Let O/(p) = Fq. We also note that Fq[[Γ]] ∼= Fq[[X ]]. On this
ring the ϕ map is the one induced by X 7→ (1 + X)p − 1 = Xp and by p-power
Frobenius on Fq. Let y ∈ Fq[[X ]]. Write y =
∑∞
i=0 aiX
i. Then
yp = (
∑
i
aiX
i)p =
∑
i
apiX
ip = ϕ(y),
Hence the lemma. 
Definition 73. We define the integral logarithm L on K ′1(Λ̂O(G)S) as follows:
write any x ∈ K ′1(Λ̂O(G)S) as x = uy, with y ∈ K
′
1(
̂ΛO(Γ)(p)) and u lies in the
image of K1(Λ̂O(G)S, J) in K ′1(Λ̂O(G)S). Define
L(x) = L(uy) = L(u) + L(y) = log(u)−
ϕ
p
log(u) +
1
p
log(
yp
ϕ(y)
).
Proposition 74. L induces a homomorphism
L : K ′1(Λ̂O(G)S)→
̂ΛO(Z)(p)[Conj(G)]τ
and L is independent of the choice of splitting of G → Γ.
Proof: First we show that image of L lies in ̂ΛO(Z)(p)[Conj(G)]τ . Let x ∈
K ′1(Λ̂O(G)S). Write it as x = uy, with y ∈ K
′
1(
̂ΛO(Γ)(p)) and u in the im-
age of K1(Λ̂O(G)S, J) in K ′1(Λ̂O(G)S). We will show that L(u) and L(y) lie in
50 IWASAWA THEORY FOR TOTALLY REAL FIELDS
̂ΛO(Z)(p)[Conj(G)]τ . The fact that L(y) = 1p log(
yp
ϕ(y)
) lies in ̂ΛO(Z)(p) follows from
proposition 67. Now let u = 1− v and consider L(1− v)
L(1− v) = −(v +
v2
2
+
v3
3
+ · · · ) + (
ϕ(v)
p
+
ϕ(v)
2p
+ · · · )
≡
∞∑
k=1
1
pk
(vpk − ϕ(vk)) (mod ̂ΛO(Z)(p)[Cong(G)]τ )
It suffices that pk|(vpk − ϕ(vk)) for all k; which will follow from
pn|(vp
n
− ϕ(vp
n−1
)),
for all n ≥ 1. Write v =
∑
g∈G rgg¯, where rg ∈
̂ΛO(Z)(p). Set q = pn and consider
a typical term in vq:
rg1 · · · rgq g¯1 · · · g¯q.
Let Z/qZ acts cyclically permuting the gi’s, so that we get a total of pn−t conjugate
terms, where pt is the number of cyclic permutations leaving each term invariant.
Then g¯1 · · · g¯q is a pt-th power, and the sum of the conjugate terms has the form
pn−trˆp
t
gˆp
t
∈ ̂ΛO(Z)(p)[Conj(G)]τ ,
where rˆ =
∏pn−t
j=1 rgj and gˆ =
∏pn−t
j=1 gj. Here we may do the multiplication after
rearrangement because the twisting map τ is symmetric. If t = 0, then this is a
multiple of pn. If t > 0, then there is a corresponding term pn−trˆp
t−1
gˆp
t−1
in the
expansion of vp
n−1
. It remains only to show that
pn−trˆp
t
gˆp
t
≡ pn−tϕ(rˆp
t−1
gˆp
t−1
) = pn−tϕ(rˆp
t−1
)gˆp
t
(mod pn).
But pt|(rˆp
t
− ϕ(rˆp
t−1
)), since p|(rˆp − ϕ(rˆ)).
Next we show that L is independent of the choice of splitting G → Γ. Since G
is one dimensional, there are only finitely many splittings Γ → G. Let A be the
intersection of image of Γ under all the splittings. Then A is an open subgroup of G.
It is clear that for any x ∈ Im(K1(Λ̂O(A)S)→ K ′1(Λ̂O(G)S)), L(x) is independent
of the choice of splitting Γ→ G.
Let x ∈ Im(K1(Λ̂O(G)S, JR) → K ′1(Λ̂O(G)S)). Recall that JR is the Jacobson
radical of Λ̂O(G)S. Let x = u1y1 = u2y2 be two different decompositions of x given
by two different splittings of G → Γ. Then log(yi) is defined as it is defined for
x and ui (for i = 1, 2) and log(u1) + log(y1) = log(u2) + log(y2). Hence L(x) is
independent of the choice of splitting Γ→ G.
Hence L is well defined on Im(K1(Λ̂O(G)S, JR))Im(K1(Λ̂O(A)S)) ⊂ K ′1(Λ̂O(G)S).
Now note thatK ′1(Λ̂O(G)S)/Im(K1(Λ̂O(G)S, JR))Im(K1(Λ̂O(A)S)) is torsion group
since Λ̂O(G)S
×
/(1 + JR)Λ̂O(A)S
×
is a torsion group. Hence L is independent of
the choice of splitting of G → Γ. 
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Remark 75. It would be interesting to find the kernel and cokernel of L in this
case. Since we do not need it we will not investigate it here (but see Ritter-Weiss
[31]).
5.6. Relation between the maps θ and β. For any subgroup P of G, the map
tGP naturally extends to a map
tGP : F [[Z]][CongG]
τ → F [[Z]][Cong(P )]τ .
Lemma 76. For any P ≤ G, we have the following diagram
K ′1(ΛO(G))
log
//
θGP

F [[Z]][Conj(G)]τ
tGP

K ′1(ΛO(UP )) log
// F [[Z]][Conj(P )]τ
In the case of p-adic completions the following diagram commutes
K1(Λ̂O(G)S, J)
log
//
θ̂GP

̂ΛO(Z)(p)[Conj(G)]τ [1p ]
tGP

K1( ̂ΛO(UP )S, J) log
// ̂ΛO(Z)(p)[Conj(P )]τ [1p ]
Proof: The first assertion is theorem 6.8 in R. Oliver [27] which we refer for
details. The second case is similar : for any u ∈ K1(Λ̂O(G)S, J), the result follows
from the expressions
log(u) = lim
n→∞
1
pn
(up
n
− 1);
and
θ̂GP (u) = limn→∞
(1 + tGP (u
pn − 1))1/p
n
.

Lemma 77. We have the following commutative diagram for all P ∈ C(G) and
P 6= {1}
ΛO(UP )
× log //
αP

F [[UP ]]
pηP

ΛO(UP )
×
log
// F [[UP ]]
.
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And in the case of p-adic completion the following diagram commutes
K1( ̂ΛO(UP )S, J)
log
//
αP

̂ΛO(UP )S[1p ]
pηP

K1( ̂ΛO(UP )S, J) log
// ̂ΛO(UP )S[1p ]
Proof: Note that the following diagram commutes
ΛO[µp](UP )
× log //
ωP

F (µp)[[UP ]]
ωP

ΛO[µp](UP )
×
log
// F (µp)[[UP ]]
and
ηP =
1
p
(p−
p−1∑
k=0
ωkP ).
Hence we get the first claim of the lemma. The second one is similar. 
Definition 78. We define the map vGP :
∏
C≤G F [[Z]][C
ab] → F [[Z]][P ab] as fol-
lows:
If P is not cyclic
vGP ((xC)) =
(∑
P ′
[P ′ : P ′p]
[P : (P ′)p]
ϕ(xP ′)
)
where sum ranges over all P ′ ∈ C(G), such that P ′p ≤ P .
If P is cyclic
vGP ((xC)) =
∑
P ′
[P ′ : P ′p]ϕ(xP ′) = p
∑
P ′
ϕ(xP ′),
where the sum ranges over all P ′ ∈ C(G) such that P ′ 6= P ′p = P . The empty sum
is taken to be 0.
Put vG = (vGP )P . We denote the analogous map in the case of p-adic completions
again by vG.
Lemma 79. For P 6= {1}, the following diagram commutes
F [[Z]][Conj(G)]τ
ϕ
//
βG

F [[Z]][Conj(G)]τ
βGP
∏
C≤G F [[Z]][C
ab]
vGP
// F [[Z]][P ab]
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In the case P = {1}, the following diagram commutes
F [[Z]][Conj(G)]τ
ϕ
//
βG

F [[Z]][Conj(G)]τ
βGP
∏
C≤G F [[Z]][C
ab]
ϕ+vG1
// F [[Z]]
Here ϕ in the lower row is just the map ϕ : F [[Z]] → F [[Z]]. Analogous result
holds for the p-adic completions.
Proof: We assume that P 6= {1} and P is cyclic. For g ∈ G, we must show that
βGP (ϕ([g])) = v
G
P (β
G([g])). We start with the left hand side
βGP (ϕ([g])) = ηP (t
G
P ([g
p])),
which is non-zero if and only if some conjugate of gp generates P . Hence we may
assume that gp itself is a generator of P . Then
vGP (β
G([g])) = (
∑
P ′ s.t. P ′p=P
[P ′ : P ′p]ϕ(βGP ′([g])))
= (
∑
P ′ s.t. P ′p=P
[P ′ : P ′p]ϕ(tGP ′([g])))
= (
∑
P ′ s.t. P ′p=P
[P ′ : P ′p]ϕ(
∑
x∈C(G,P ′)
{[x−1gx]|x−1gx ∈ P ′}))
= (
∑
P ′ s.t. P ′p=P
[P ′ : P ′p]
∑
x∈C(G,P ′)
{[x−1gpx]|x−1gx ∈ P ′})
=
∑
P ′ s.t. P ′p=P
(
∑
x∈C(G,P )
{[x−1gpx]|x−1gx ∈ P ′})
=
∑
x∈C(G,P )
∑
P ′ s.t. P ′p=P
{[x−1gpx]|x−1gx ∈ P ′}
=
∑
x∈C(G,P )
{[x−1gpx]|x−1gpx ∈ P}
= βGP (ϕ([g])).
Next we assume that P is not cyclic. Then βGP (ϕ([g])) is non-zero if and only if
some conjugate of gp lies in P . Hence we assume that gp ∈ P and g 6= 1. Let C
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be the set of all conjugates of the subgroup 〈gp〉 in P .
vGP (β
G([g])) =
( ∑
P ′ s.t. P ′p<P
[P ′ : P ′p]
[P : P ′p]
ϕ(βGP ′([g]))
)
=
( ∑
P ′ s.t. P ′p∈C
[P ′ : P ′p]
[P : P ′p]
ϕ(tGP ′([g]))
)
=
∑
P ′ s.t. P ′p∈C
( 1
[P : P ′p]
∑
x∈C(G,P ′p)
{[x−1gpx] : x−1gx ∈ P ′}
)
=
∑
x∈C(G,P )
{[x−1gpx] : x−1gpx ∈ P}
= βGP (ϕ([g]))
It remains to show the equality when g = 1. In this case
vGP (β
G(1)) =
1
|P |
|G|
= [G : P ]
= βGP (ϕ(1)).
Now consider the remaining case P = {1}. We assume that g is of order p which
is the only possibly nontrivial case. Let C be the set of all conjugates in G of the
subgroup 〈g〉.
vG{1}(β
G([g])) =
∑
P ′∈C
(
[P ′ : P ′p]ϕ(βGP ′([g]))
)
=
∑
P ′∈C
(
[P ′ : P ′p]
∑
x∈C(G,P ′)
{[x−1gpx] : x−1gx ∈ P ′}
)
=
∑
P ′∈C
(
[P ′ : P ′p]|NGP
′|
)
= p|G|
= βG{1}(ϕ([g])) = β
G
{1}(ϕ([g]))− ϕ(β
G
{1}([g])).
The last equality holds because clearly βG{1}([g]) = 0. 
Definition 80. We define the map uGP :
∏
C≤G ΛO(U
ab
C )
× → ΛO(UabP )
× as follows:
If P is not a cyclic subgroup of G, then define
uGP ((xC)) =
∏
P ′
ϕ(xP ′)
|P ′|,
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where the product ranges over all P ′ ∈ C(G) such that P ′p ≤ P .
If P is cyclic then define
uGP ((xC)) =
∏
P ′
ϕ(xP ′),
where the product is taken over all P ′ ∈ C(G) such that P ′ 6= P ′p = P . The empty
product is taken to be 1.
Put uG = (uGP )P . We denote the analogous map in the case of p-adic completions
again by uG.
Lemma 81. For a noncyclic subgroup P of G the following diagram commutes∏
C≤GΛO(U
ab
C )
× log //
uGP

∏
C≤G F [[Z]][C
ab]
|P |vGP

ΛO(U
ab
P )
×
log
// F [[Z]][P ab]
For P ∈ C(G) the following diagram commutes∏
C≤GΛO(U
ab
C )
× log //
uGP

∏
C≤G F [[Z]][C
ab]
1
p
vGP

ΛO(U
ab
P )
×
log
// F [[Z]][P ab]
Similarly for the p-adic completions we have: Let R = Λ̂O(Z)(p). Let JP denote
the kernel of the natural map R[P ab] → Λ̂O(Γ)(p). Then for a noncyclic subgroup
P of G the following diagram commutes∏
C≤G 1 + JC
log
//
uGP

∏
C≤GQp ⊗ JC
|P |vGP

1 + JP
log
// Qp ⊗ JP
For P ∈ C(G) the following diagram commutes∏
C≤G 1 + JC
log
//
uGP

∏
C≤GQp ⊗ JC
1
p
vGP

1 + JP
log
// Qp ⊗ JP
Proof: This is because log is natural with respect to the homomorphisms of
Iwasawa algebras induced by group homomorphisms. 
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Lemma 82. Let R denote either the ring ΛO(Z) or the ring ̂ΛO(Z)(p). Let x ∈
K ′1(R[G]
τ ). Then for every noncyclic subgroup P of G, we have
αP (θ
G
P (x))
p|P | ≡ uGP (α(θ
G(x)))(mod p)
In particular, log of
αP (θ
G
P (x))
p|P |
uGP (α(θ
G(x)))
is defined.
Proof: If C is a nontrivial cyclic subgroup of G, then αC(θ
G
C (x)) ≡ 1(mod p) and
uGP (α(θ
G(x))) ≡ ϕ(α{1}(θ
G
{1}(x)))(mod p).
The result will follow if we show that
θGP (x)
|P | ≡ θG{1}(x)(mod p)
But this is proposition 2.3 in [34]. 
Remark 83. Let x ∈ K ′1(R[G]
τ ). Then for any nontrivial cyclic subgroup P of G
αP (θ
G
P (x))
uGP (α(θ
G(x)))
≡ 1(mod p).
and
α{1}(θ
G
{1}(x))
ϕ(θG{1}(x))u
G
{1}(α(θ
G(x)))
≡ 1(mod p).
Proposition 84. Let x ∈ K ′1(ΛO(G)). The additive and the multiplicative sides
are related by the following formula: if P is a noncyclic subgroup of G then
βGP (L(x)) =
1
p2|P |
log(
αP (θ
G
P (x))
p|P |
uGP (α(θ
G(x)))
).
If P ∈ C(G) but P 6= {1} then
βGP (L(x)) =
1
p
log
( αP (θGP (x))
uGP (α(θ
G(x)))
)
.
If P = {1}, then
βG{1}(L(x)) =
1
p
log
( α1(θG{1}(x))
ϕ(θG{1}(x))u
G
{1}(α(θ
G(x)))
)
.
Analogous relation holds in the case of p-adic completions.
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Proof: Let x ∈ K ′1(ΛO(G)). Let P be a noncyclic subgroup of G. Recall the
definition of α, definition 47. Consider the left hand side of the above equation
βGP (L(x)) = β
G
P (log(x)−
ϕ
p
log(x))
=
1
p
log(αP (θ
G
P (x)))− β
G
P (
ϕ
p
log(x)) (lemmas 76 and 77)
=
1
p
log(αP (θ
G
P (x)))−
1
p
vGP (β
G(log(x))) (lemma 79)
=
1
p
log(αP (θ
G
P (x)))−
1
p2
vGP (log(α(θ
G(x)))) (lemmas 76 and 77)
=
1
p
log(αP (θ
G
P (x))−
1
p2|P |
log(uGP (α(θ
G(x)))) (lemma 81)
=
1
p2|P |
log
(αP (θGP (x))p|P |
uGP (α(θ
G(x)))
)
.
The proof for P ∈ C(G) but P 6= {1} is similar.
Now assume that P = {1}. In this case βG{1} = t
G
{1} and
βG{1}(L(x)) = t
G
{1}(log(x))−
1
p
tG{1}(ϕ(log(x)))
= log(θG{1}(x))−
1
p
(ϕ+ vG{1})(β
G(log(x))) (lemmas 76 and 79)
= log(θG{1}(x))−
1
p
ϕ(log(θG{1}(x)))−
1
p
vG{1}(log(α(θ
G(x))))
=
1
p
log
( θG{1}(x)p
ϕ(θG{1}(x))u
G
{1}(α(θ
G(x)))
)
(lemma 81)
=
1
p
log
( α{1}(θG{1}(x))
ϕ(θG{1}(x))u
G
{1}(α(θ
G(x)))
)
.
Now we prove the proposition for x ∈ K ′1(Λ̂O(G)S). Write x = uy, where
y ∈ K ′1(
̂ΛO(Γ)(p)) and u lies in the image of K1(Λ̂O(G)S, J) in K ′1(Λ̂O(G)S). The
proof for u is exactly as above. In fact the proof works for any u in the image
of K1(Λ̂O(G)S, JR) (recall that JR is the Jacobson radical of Λ̂O(G)S). Hence we
only need to show the result for y. We first show it for y ∈ ̂ΛO(Z)(p). In this case
θGP (y) = y
[G:P ] for every P ≤ G. Also, for any nontrivial cyclic subgroup P of G
αP (θ
G
P (y)) = 1.
Since L(y) ∈ ̂ΛO(Z)(p), for any noncyclic subgroup P of G or if P = {1}, we have
βGP (L(y)) = [G : P ]L(y).
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For any nontrivial cyclic subgroup P of G
βGP (L(y)) = 0.
With these observations the result is easily verified. Now for any y ∈ ̂ΛO(Γ)(p),
there is a non-negative integer r such that ϕr(y) ∈ ̂ΛO(Z)(p). We know that the
result holds for y
pr
ϕr(y)
(as it is congruent to 1 mod p and hence is in the image of
K1(Λ̂O(G)S, JR)) and it holds for ϕr(y). Hence it holds for yp
r
. Since βGP takes
values in torsion free abelian group, the proposition holds for y. 
5.7. Proof of the main algebraic theorems.
Lemma 85. The image of θG is contained in ΦG. Similarly, image of θ̂GS is
contained in Φ̂GS .
Proof: Here we write a proof for the first claim of the lemma only. The proof for
the second claim is exactly the same. We must show that for any x ∈ K1(ΛO(G)),
the element θG(x) satisfies M1, M2, M3 and M4.
M1 is clear if the following diagram commutes
K ′1(ΛO(G))
normGP
,,YYY
YYY
YYY
YYY
YYY
YYY
YYY
YYY
YYY
YYY
YYY
normG
P ′

K ′1(ΛO(UP ′))
normP
′
P
//

K ′1(ΛO(UP ))

ΛO(U
ab
P ′)
×
nrP
′
P ))
SS
SS
SS
SS
SS
SS
SS
ΛO(U
ab
P )
×
πP
′
Puuk
kk
kk
kk
kk
kk
kk
k
ΛO(UP/[UP ′, UP ′])
×
To see that this diagram commutes we note that the ΛO(UP )-basis of ΛO(UP ′) can
be taken to be the same as the ΛO(UP/[UP ′, UP ′])-basis of ΛO(U
ab
P ′).
M2. Pick a lift x˜ of x in ΛO(G)×. Recall how the map θGP is defined for any
P ≤ G. The ring ΛO(G) is a free ΛO(UP )-module of rank [G : P ]. We take the
ΛO(UP )-linear map on ΛO(G) defined by multiplication by x on the right. Let
AP (x) be the matrix (with entires in ΛO(UP )) of this map with respect to some
basis C(G,P ). For any g ∈ G, the set gC(G,P )g−1 is a basis for the ΛO(UgPg−1)-
module ΛO(G). The matrix for the ΛO(UgPg−1)-linear map on ΛO(G) induced by
multiplication on the right by x with respect to this basis is gAP (x)g
−1. Hence
gθGP (x)g
−1 = θGgPg−1(x).
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M3. Let P ≤ P ′ ≤ G be such that [P ′ : P ] = p. Let nP
′
P be the norm map from
K ′1(ΛO(UP ′)) to K
′
1(ΛO(UP )). Consider the following diagram
K ′1(ΛO(G))
norm

norm
((Q
QQ
QQ
QQ
QQ
QQ
Q
K ′1(ΛO(UP ′))
nP
′
P
//
πP ′

K ′1(ΛO(UP ))
πP

ΛO(U
ab
P ′)
× ΛO(U
ab
P )
×
It is enough to show that for any x ∈ K ′1(ΛO(UP ′))
verP
′
P (πP ′(x)) ≡ πP (n
P ′
P (x))(mod TP,P ′).
Let g ∈ UP ′ − UP . Then {1, g, g2, · · · , gp−1} forms a basis the ΛO(UP )-module
ΛO(UP ′). Write x ∈ ΛO(UP ′) as x =
∑p−1
k=0 xkg
k with xk ∈ ΛO(UP ) for all k. Let
σ denote the automorphism of ΛO(UP ) given by y 7→ gyg−1. Then norm of x in
K ′1(ΛO(UP )) is class of the matrix


x0 x1 · · · xp−1
gpσ(xp−1) σ(x0) · · · σ(xp−2)
...
...
gpσp−1(x1) g
pσp−1(x2) · · · σ
p−1(x0)

 .
πP (n
P ′
P (x)) is determinant of this matrix. Hence if Sp denotes the group of sym-
metries of the set {0, 1, 2, . . . , p − 1} and for any δ ∈ Sp, let eδ be the number of
k’s such that δ(k) < k, then
πP (n
P ′
P (x)) =
∑
δ∈Sp
geδp
( p−1∏
k=0
σk(πP (xδ(k)−k))
)
.
If σ(
∏p−1
k=0 σ
k(πP (xδ(k)−k))) =
∏p−1
k=0 σ
k(πP (xδ(k)−k)), then δ(k) − k is constant for
all 0 ≤ k ≤ p− 1. Hence
πP (n
P ′
P (x)) ≡
p−1∑
i=0
gip
p−1∏
k=0
σk(πP (xi))(mod TP,P ′)
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Now for each 0 ≤ i ≤ p − 1 write xi =
∑
h∈P ahh, with each ah ∈ ΛO(Z). Then
verP
′
P (πP ′(xi)) = πP (
∑
h∈P ϕ(ah)
∏p−1
k=0 σ
k(h)). On the other hand
p−1∏
k=0
σk(πP (xi)) =
p−1∏
k=0
πP (σ
k(xi))
=
p−1∏
k=0
πP (σ
k(
∑
h∈P
ahh))
= πP (
p−1∏
k=0
(
∑
h∈P
ahσ
k(h)))
≡ πP (
∑
h∈P
aph
p−1∏
k=0
σk(h))(mod TP,P ′)
≡ πP (
∑
h∈P
ϕ(ah)
p−1∏
k=0
σk(h))(mod TP,P ′)
= verP
′
P (πP ′(xi)).
Hence we have
verP
′
P (πP ′(x)) =
p−1∑
i=0
verP
′
P (πP ′(xi))g
ip
≡
p−1∑
i=0
p−1∏
k=0
σk(πP (xi))g
ip(mod TP,P ′)
= πP (n
P ′
P (x)).
M4. Let P be a nontrivial cyclic subgroup of G. By proposition 84 we have
βGP (L(x)) =
1
p
log
( αP (θGP (x))
uGP (α(θ
G(x)))
)
.
By lemma 60 we get that pβGP (L(x)) ∈ pTP . But log induces an isomorphism
between 1+ pTP and pTP . Hence M4 is satisfied for nontrivial cyclic subgroups of
G. The verification of M4 for P = {1} is similar.

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Lemma 86. There is a map µ(O)×Gab →
∏
P≤GΛO(U
ab
P )
× which is injective and
fits in the following commutative diagram
µ(O)× Gab 

// K ′1(ΛO(G))
θG

µ(O)× Gab 

//
∏
P≤GΛO(U
ab
P )
×
Proof: We define the claimed map as the composition
µ(O)× Gab
id×ver
−−−−→ µ(O)× UP →֒ ΛO(U
ab
P )
×.
Injectivity is obvious. Since the norm homomorphism on K1 groups is same as the
transfer when restricted to Gab, we also get the commutativity of the diagram in
the lemma.

Lemma 87. Recall that we denote ψGΛO(Z) from the additive theorem by ψ
G. Then
there is a surjective map
ω : ψG → Gab,
which makes the following diagram commute
ΛO(Z)[Conj(G)]
τ ω //
βG

Gab

ψG ω
// Gab
where the map ω in the top row is the one from definition 70.
Proof: This is a trivial corollary of theorem 58.

Lemma 88. The map L := (LP ) : ΦG → ψG, defined by
LP ((xC)) =


1
p2|P |
log
(
αP (xP )
p|P |
uGP (α((xC )))
)
if P is not cyclic
1
p
log
(
αP (xP )
uGP (α((xC )))
)
if P is cyclic and P 6= {1}
1
p
log
(
α{1}(x{1})
ϕ(x{1})u
G
{1}
(α((xC )))
)
if P = {1}
sits in the following exact sequence
1→ µ(O)× Gab → ΦG
L
−→ ψG
ω
−→ Gab → 1.
The map µ(O)× Gab → ΦG ⊂
∏
P≤GΛO(U
ab
P )
× is the composition
µ(O)× Gab →
∏
P≤G
µ(O)× UabP →֒
∏
P≤G
ΛO(U
ab
P )
×,
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where the first map is identity on µ(O) and the transfer homomorphism from Gab
to UabP for each P ≤ G.
Proof: Image of L is contained in
∏
P≤GQp ⊗ Λ(U
ab
P ). We must verify that it is
actually contained in ψG, i.e. it lies in
∏
P≤GΛ(U
ab
P ) and satisfies A1, A2, and A3.
We first prove the following
Lemma 89. Let P ≤ P ′ ≤ G such that [P ′ : P ] = p. Let C ∈ C(G) be such that
Cp is contained in P ′ but not in P . Then
nrP
′
P (ϕ(αC(xC))) = 1
in Λ(UP/[UP ′, UP ′]).
Proof: Recall that
αC(xC) =
xpC∏p−1
k=0 ω
k
C(xC)
.
Hence
ϕ(αC(xC)) =
ϕ(xC)
p∏p−1
k=0 ϕ(ω
k
C(xC))
=
ϕ(xC)
p∏p−1
k=0 ω
k
Cp(ϕ(xC))
But nrP
′
P (ϕ(xC)) =
∏p−1
k=0 ω
k
Cp(ϕ(xC)) by lemma (50). Hence we get the result. 
Using M1 we now show that the image of L satisfies A1. Let P ≤ P ′ ≤ G such
that [P ′, P ′] ≤ P and if P is a non-trivial cyclic group then [P ′, P ′] 6= P . Then we
consider following 3 cases:
Case 1: P is not cyclic. Then
trP
′
P (LP ′((xC))) = tr
P ′
P
( 1
p2|P ′|
log
( αP ′(xP ′)p|P ′|
uGP ′(α((xC)))
))
= trP
′
P
( 1
p2|P ′|
log
( (xP ′)p2|P ′|∏
C′ ϕ(αC′(xC′))
|C′|
))
=
1
p2|P ′|
log
( nrP ′P (xP ′)p2|P ′|
nrP
′
P (
∏
C′ ϕ(αC′(xC′))
|C′|)
)
=
1
p2|P ′|
log
( πP ′P (xP )p2|P ′|∏
C ϕ(αC(xC))
p|C|
)
= πP
′
P (
1
p2|P |
log
( αP (xP )p|P |∏
C ϕ(αC(xC))
|C|
)
= πP
′
P (LP ((xC))).
In the products C ′ runs through all cyclic subgroups of G such that C ′p ≤ P ′ and
C runs through all cyclic subgroups of G such that Cp ≤ P .
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Case 2: When P is cyclic but P ′ is not. Then
ηP (tr
P ′
P (LP ′((xC)))) = π
P ′
P
(
ηP
[ 1
p2|P |
log
( xp2|P |P∏
C ϕ(αC(xC))
|C|
)])
Here C runs through all cyclic subgroups of G such that Cp ≤ P . Now note that
αP (ϕ(αC(xC))) =
{
1 if Cp 6= P
ϕ(αC(xC))
p if Cp = P
Hence
ηP (tr
P ′
P (LP ′((xC)))) = π
P ′
P
[1
p
log
( αP (xP )∏
C ϕ(αC(xC))
)]
= πP
′
P (LP ((xC))).
Here in the product C runs through all cyclic subgroup of G such that Cp = P .
Case 3: When P ′ is cyclic. This case is easy by above lemma.
A2 and A3 are clear from M2 and M4 respectively. We now show that image of
L is actually contained in
∏
P≤G Λ(U
ab
P ). As LP ((xC)) ∈ TP for all P ∈ C(G) this
follows from proposition 64. Hence image of L is contained in ψG.
Let us show exactness at ΦG. Let (xP ) ∈ Ker(L). Since log is an isomorphism
on pTP , we have
αP (xP )
uGP (α((xC)))
= 1,
for all P ∈ C(G). Consider first the cyclic subgroup P for which there is no
P ′ ∈ C(G) with P ′p = P . Then the denominator of the above expression is 1.
Hence we have αP (xP ) = 1. By induction we get that αP (xP ) = 1 for all P ∈ C(G)
and consequently αP (xP ) = 1 for all P ≤ G. The only torsion in ΛO(U
ab
P )
× is
µ(O) × UabP by a theorem of Higman [16]. But for P non-cyclic, αP (xP ) = x
p
P .
Hence xP ∈ µ(O) × UabP for all non-cyclic subgroups P . Also, x
p
{1}/ϕ(x{1}) = 1,
hence by the exact sequence in definition (70) x{1} ∈ µ(O)× U{1}.
Let P ≤ P ′ ∈ C(G) with [P ′ : P ] = p. Then UP is an index p subgroup of UP ′ .
Hence nrP
′
P (x) =
∏p−1
k=0 ω
k
P ′(x) by lemma (50). This is precisely the denominator of
αP ′(x) for any nontrivial cyclic subgroup P
′ of G. Using M1 and using induction
on the order of cyclic subgroups (this time starting with the trivial subgroup) we
conclude that xP ∈ µ(O)× UP for all cyclic subgroups P . Now we use induction
on index of subgroup P in G. Let P ≤ G be of index p. Then M3 implies that
verGP (xG) ≡ xP (mod TP,G). Since xG and xP are in µ(O) × G
ab and µ(O) × UabP
respectively, the congruence implies equality. One proceeds by induction on [G : P ]
to conclude that (xP ) must be in the image of µ(O)×Gab. This shows that ker(L)
is contained in the image of µ(O)× Gab. The converse is trivial.
Next we show exactness at ψG. First note that the map
ω : ψG → Gab
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is given by ω((aP )P≤G) = ω(aG) ∈ Gab, where the second ω is
ω : ΛO(G
ab)→ Gab
in definition (70).
Claim: For any (xC)C ∈ ΦG, we have LG((xC)C) =
1
p
log
(
xpG
ϕ(xG)
)
.
Proof of the claim: Let LG((xC)C) = (aP )P≤G ∈ ψG. Then
aG =
∑
P∈C(G)
1
[G : P ]
aP ,
in ΛO(Gab). Hence
LG((xC)C) =
∑
P∈C(G)
1
[G : P ]
LP ((xC)C)
1
p2|G|
log
( xp2|G|G
uG(α((xC)C))
)
=
1
p|G|
log
( xp{1}
ϕ(x{1}
∏
|P ′|=p ϕ(αP ′(xP ′))
)
+
∑
P∈C(G)
1
p[G : P ]
log
( αP (xP )∏
P ′∈C(G):[P ′:P ]=p ϕ(αP ′(xP ′))
)
=
1
p2|G|
log
( xp2{1}
ϕ(x{1})p
∏
P ′ ϕ(αP ′(xP ′))
p
)
+
1
p2|G|
log
(∏
P
αP (xP )
p|P |∏
P ′ ϕ(αP ′(xP ′))
p|P |
)
=
1
p2|G|
log
( ∏
P∈C(G) αP (xP )
p|P |
ϕ(x{1})p
∏
P∈C(G):P 6={1} ϕ(αP (xP ))
|P |
)
=
1
p2|G|
log
(∏
P∈C(G) αP (xP )
p|P |
uG(α((xC)C))
)
.
Hence
log(x
p|G|
G ) = log(
∏
P∈C(G)
αP (xP )
|P |).
Applying ϕ to both side gives
log(ϕ(xG)
p|G|) = log(
∏
P∈C(G)
ϕ(αP (xP ))
|P |) = log(uG(α(xC)C)).
Hence
LG((xC)C) =
1
p2|G|
log
( xp2|G|G
uG((α(xC)C))
)
=
1
p
log
( xpG
ϕ(xG)
)
.
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This finishes proof of the claim. Hence
ω(L((xC)C)) = ω(LG((xC)C)) = ω
(1
p
log
( xpG
ϕ(xG)
))
= 1
by exact sequence in definition 70. Hence the image of L is contained in the
kernel of ω. On the other hand, let a ∈ ψG be in the kernel of ω. Then by the
previous lemma, the additive theorem and the exact sequence in definition 70 we
get x ∈ K ′1(ΛO(G)) such that β
G(L(x)) = a. We finish the proof by using the
commutativity of the following diagram
K ′1(ΛO(G))
L
//
θG

ΛO(Z)[Conj(G)]
τ
βG

ΦG
L
// ψG
Hence we have L(θG(x)) = a and we get the exactness at ψG.

Proof of theorem 52: From the previous lemmas we have the following commu-
tative diagram
µ(O)× Gab // K ′1(ΛO(G)) //
θG

ΛO(Z)[Conj(G)]
τ //
βG∼

Gab
µ(O)× Gab // ΦG // ψG // Gab
The theorem now follows by the five lemma.

Proof of theorem 53: It follows from lemma 85 and the fact
Φ̂GS ∩
∏
P≤G
ΛO(UP )
×
S = Φ
G
S ,
that the image of θGS is contained in Φ
G
S . Moreover, from
ΦGS ∩
∏
P≤G
ΛO(U
ab
P )
× = ΦG,
and theorem 52, we obtain that
ΦGS ∩
∏
P≤G
ΛO(U
ab
P )
× = Im(θG).

Corollary 90. Let G be a compact p-adic Lie group with a quotient isomorphic to
Zp and let O be the ring of integers in a finite unramified extension of Qp. Then
K ′1(ΛO(G)) injects in K
′
1(ΛO(G)S).
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6. Arithmetic side of the proof
To prove the main theorem (theorem 11) we need to prove (by virtue of the
reductions in section 4; more precisely theorems 21, 27, 33, 36) the main conjecture
for admissible p-adic Lie extension F∞/F satisfying µ = 0 hypothesis such that
Gal(F∞/F ) = ∆ × G, where G is a pro-p p-adic Lie group of dimension one and
∆ is a finite cyclic group of order prime to p.
Notations 91. Recall that we have fixed an open central pro-cyclic subgroup Z of
G and put G = G/Z. Also recall C(G) is the set of cyclic subgroups of G and for
every P ≤ G we put UP to be the inverse image of P in G. We denote the field
F∆×UP∞ by FP and denote the field F
[UP ,UP ]
∞ by KP . Then KP/FP is an abelian
extension with Gal(KP/FP ) = ∆ × U
ab
P . We denote the field F
∆×NGUP
∞ by FWGP .
Note that FWGP ⊂ FP and Gal(FP/FWGP )
∼= WGP . We denote the Deligne-Ribet,
Cassou-Nogues, Barsky p-adic zeta function for the abelian extension KP/FP by
ζP . It is an element in Λ(∆ × UabP )
×
S . Let ζ0 be the p-adic zeta function of the
extension F∞/F
∆×Zp
∞ . Recall that we have fixed a finite set Σ of finite primes of
F containing all primes which ramify in F∞. Let ΣP denote the set of primes of
FP lying above Σ. Let rP := [FP : Q] and dP = [FP : F ]. If a group P acts on a
set X, then we denote the stabiliser of x ∈ X by Px.
6.1. The strategy of Burns and Kato.
Lemma 92. Let ρ be an irreducible Artin representation of G. Then there is a
one dimensional representation χ of G inflated from Γ such that ρ⊗χ is trivial on
Z.
Proof: We use induction on the order of G/Z. By proposition 24 in Serre [36]
either
a) ρ restricted to Z is isotypic (i.e. direct sum of isomorphic irreducible represen-
tations) OR
b) ρ is induced from an irreducible representation of a proper subgroup A of G
containing Z.
In case a) let ρ|Γ = ⊕iχi Define χ = χ
−1
i for any i (note that χi|Z = χj |Z for
any i, j). Then ρ⊗ χ is trivial on Z.
In case b) Say ρ = IndGA(η). Let r be such that image of A in Γ is Γ
pr . By
induction hypothesis we can find a χ inflated from Γp
r
such that η ⊗ χ is trivial
on Z. We may extend χ to χ˜ on Γ. Then
IndGA(η ⊗ χ) = Ind
G
A(η)⊗ χ˜ = ρ⊗ χ˜.
Since η ⊗ χ|Z is trivial and Z is central, Ind
G
A(η ⊗ χ)|Z = (ρ⊗ χ˜)|Z is trivial. 
Proposition 93. With the notations as above, the main conjecture is true for
F∞/F if and only if (ζP )P ∈ Φ
G
S . Note that here Φ
G
S = Φ
G
Zp[∆],S.
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Proof: Let f ∈ K ′1(Λ(∆× G)S) be any element such that
∂(f) = −[C(F∞/F )].
Let θGS (f) = (fP )P in
∏
P≤GΛ(∆×U
ab
P )
×
S . Then (fP )P ∈ Φ
G
S by theorem 53. Define
uP = ζPf
−1
P . As ∂(fP ) = ∂(ζP ) = −[C(KP/FP )], we have uP ∈ K
′
1(Λ(∆× U
ab
P )).
Moreover, if (ζP )P ∈ ΦGS , then (uP )P ∈ Φ
G. Then by theorem 52 there is a unique
u ∈ K ′1(Λ(∆× G)) such that θ(u) = (uP ). Define ζ = ζ(F∞/F ) = uf . We claim
that ζ is the p-adic zeta function satisfying the main conjecture for F∞/F . It is
clear that ∂(ζ) = −[C(F∞/F )]. We now show the interpolation property. Let ρ be
an irreducible Artin representation of G. Let σ be a one dimensional representation
of G given by the previous lemma i.e. such that ρ⊗σ is trivial on Z. Then ρ⊗σ =
IndGUP (η) for some P ≤ G (by theorem 16 Serre [36]). We denote the restriction of
σ to UP by the same letter σ. Hence ρ = Ind
G
UP
(η)⊗σ−1 = IndGUP (η⊗(σ
−1)). Then
for any character χ of ∆ and any positive integer r divisible by [F∞(µp) : F∞], we
have
ζ(χρκrF ) = ζP (χησ
−1κrFP )
= LΣP (χησ
−1, 1− r)
= LΣ(χρ, 1− r)
Hence ζ satisfies the required interpolation property. 
Hence we need to show the following
Theorem 94. The tuple (ζP )P≤G in the set
∏
P≤GΛ(∆× U
ab
P )
×
S satisfies
M1. For all P ≤ P ′ ≤ G such that [P ′, P ′] ≤ P , we have
nrP
′
P (ζP ′) = π
P ′
P (ζP ).
M2. The tuple (ζP )P is fixed by every g ∈ G under the conjugation action.
M3. For P ≤ P ′ ≤ G such that [P ′ : P ] = p, we have
verP
′
P (ζP ′) ≡ ζP (mod TP,P ′,S).
M4. For every nontrivial cyclic subgroup P of G the following congruence
αP (ζP )∏
ϕ(αP ′(ζP ′))
≡ 1(mod pTP,S),
where the product is over all P ′ ∈ C(G) such that P ′p = P and P ′ 6= P , holds.
For P = {1} the following congruence holds
ζp{1}
ϕ(ζ{1})
∏
P ′ ϕ(αP ′(ζP ′))
≡ 1(mod pT{1},S),
where P ′ runs through nontrivial cyclic subgroups of G of order p.
Proposition 95. The tuple (ζP )P in the theorem satisfies M1. and M2.
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Proof Let P ≤ P ′ be two subgroups of G such that [P ′, P ′] ≤ P . Then we must
show that
nrP
′
P (ζP ′) = π
P ′
P (ζP )
in Λ(∆×UP/[UP ′, UP ′])S. Let ρ be an irreducible Artin representation of UP/[UP ′, UP ′]
and let r be any positive integer divisible by [F∞(µp) : F∞]. Then for any character
χ of ∆, we have
nrP
′
P (ζP ′)(χρκ
r
FP
) = ζP ′(χInd
UP ′
UP
(ρ)κrFP ′ )
= LΣP ′ (χInd
UP ′
UP
(ρ), 1− r)
= LΣP (χρ, 1− r)
On the other hand
πP
′
P (ζP )(χρκ
r
FP
) = ζP (χρκ
r
FP
)
= LΣP (χρ, 1− r).
Since both nrP
′
P (ζP ′) and π
P ′
P (ζP ) interpolate the same values on a dense subset
of representations of ∆× UP/[UP ′, UP ′], they must be equal. This shows that the
tuple (ζP )P satisfies M1.
Next we show that the tuple (ζP )P satisfies M2 i.e. for all g ∈ G
g(ζP )g
−1 = ζgPg−1
in gΛ(∆ × UabP )g
−1 = Λ(∆ × gUabP g
−1) = Λ(∆ × UabgPg−1). We let ρ be any one
dimensional Artin representation of gUPg
−1 and r be any positive integer divisible
by [F∞(µp) : F∞]. Then for any character χ of ∆, we have
g(ζP )g
−1(χρκrFgPg−1 ) = ζP (χgρg
−1κrFP )
= LΣP (χgρg
−1, 1− r)
= LΣ(χInd
G
UP
(gρg−1), 1− r)
On the other hand
ζgPg−1(χρκ
r
FgPg−1
) = LΣP (χρ, 1− r)
= LΣ(χInd
G
UgPg−1
(ρ), 1− r).
But IndGUP (gρg
−1) = IndGUgPg−1
(ρ). Hence g(ζP )g
−1 and ζgPg−1 interpolate the
same values on a dense subset of representations of ∆ × gUabP g
−1 and so must be
equal. This proves that the tuple (ζP )P satisfies M2. 
The rest of the paper is devoted to proving that (ζP )P satisfies M3 and M4.
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6.2. Basic congruences. The congruence M4 is multiplicative and does not yield
directly to the method of Deligne-Ribet. In this section we state certain additive
congruences which yield to the Deligne-Ribet method as we show in the following
sections. These congruences are then used in the last section to prove M4.
Let p be the maximal ideal of Zp[µp].
Proposition 96. For every P ≤ P ′ ≤ G such that [P ′ : P ] = p, we have
(10) verP
′
P (ζP ′) ≡ ζP (mod TP,P ′,S).
Proposition 97. For every P ∈ C(G) such that there is no P ′ ∈ C(G) with
P ⊂ P ′, we have
(11) ζP ≡ ω
k
P (ζP )(mod pTP,S).
Proposition 98. If P ∈ C(G) such that there is a P ′ ∈ C(G) with P ′p = P , we
have
(12) ζP ≡
∑
P ′
ϕ(ζP ′)(mod TP,S),
where P ′ runs through all cyclic subgroups of G such that P ′ 6= P and P ′p = P .
Proposition 99. If P ∈ C(G) and P ′ ∈ C(G) such that P ′ 6= P and P ′p = P ,
then
(13) ζP ≡ ϕ(ζP ′)(mod TP,NGP ′,S).
(14) ζ0 ≡ ϕ(ζ{1})(mod p|G|)
The congruence (10) is of course M3. Other congruences will be put together in
subsection 6.13 to prove M4. We prove the above propositions in section (6.12).
6.3. L-values. Let j ≥ 0. Let x ∈ ∆×UabP /Z
pj . Then we define δ(x) : ∆×UabP → C
to be the characteristic function of the coset x of Zp
j
in ∆×UabP . Define the partial
zeta function by
ζ(δ(x), s) =
∑
a
δ(x)(ga)
N(a)s
, for Re(s) > 1,
where the sum is over all ideals a of OFP which are prime to ΣP , the Artin symbol
of a in ∆×UabP is denoted by ga and the absolute norm of the ideal a is denoted by
N(a). A well known theorem of Klingen [23] and Seigel [35] says that the function
ζ(δ(x), s) has analytic continuation to the whole complex place except for a simple
pole at s = 1, and that ζ(δ(x), 1− k) is rational for any even positive integer k.
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If ǫ is a locally constant function on ∆×UabP with values in a Q vector space V ,
say for a large enough j
ǫ ≡
∑
x∈∆×UabP /Z
pj
ǫ(x)δ(x).
Then the special value LΣP (ǫ, 1− k) can be canonically defined as
(15) LΣP (ǫ, 1− k) =
∑
x∈∆×UabP /Z
pj
ǫ(x)ζ(δ(x), 1− k) ∈ V.
If ǫ is an Artin character of degree 1, then LΣP (ǫ, 1 − k) is of course the value at
1−k of the complex L-function associated to ǫ with Euler factors at primes in ΣP
removed. If ǫ is a locally constant Qp-values function on ∆ × UabP , then for any
positive integer k is divisible by [F∞(µp) : F∞] and any u ∈ UabP , we define
(16) ∆uP (ǫ, 1− k) = LΣP (ǫ, 1− k)− κ(u)
kLΣP (ǫu, 1− k),
where ǫu is a locally constant function defined by ǫu(g) = ǫ(ug), for all g ∈ ∆×U
ab
P .
6.4. Approximation to p-adic zeta functions. We get a sequence of elements
in certain group rings which essentially approximate the abelian p-adic zeta func-
tions ζP . These group rings are obtained as follows. Recall that κ is the p-adic
cyclotomic character of F . Let f be a positive integer such that κp−1(Z) = 1+pfZp.
Definition 100. Let P ≤ P ′ ≤ G be such that P is normal in P ′. Define TP,P ′,j
be the image of the map
trP,P ′,j : Zp[∆× UabP /Z
pj ]/(pf+j)→ Zp[∆× UabP /Z
pj ]/(pf+j),
given by
x 7→
∑
g∈P ′/P
gxg−1.
We denote TP,NGP,j simply by TP,j.
Lemma 101. We have an isomorphism
Λ(∆× UabP )
∼
−→ lim
←−
j≥0
Zp[∆× UabP /Z
pj ]/(pf+j).
If P ≤ P ′ ≤ G are such that P is normal in P ′, then under this isomorphism TP,P ′
maps isomorphically to lim
←−
j
TP,P ′,j.
Proof: We prove the surjectivity first. Given any
(xj)j ∈ lim←−
j≥0
Zp[∆× UabP /Z
pj ]/(pf+j),
we construct a canonical x˜j ∈ Zp[∆×UabP /Z
pj ] as follows: for every t ≥ j, let xt be
the image of xt ∈ Zp[∆×UabP /Z
pt]/(pf+t) in Zp[∆×UabP /Z
pj ]/(pf+t). Then (xt)t≥j
for an inverse system. We define x˜j to be the limit of xt in Zp[∆× UabP /Z
pj ]. The
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tuple (x˜j)j≥0 forms an inverse system. We define x to be their limit in Λ(∆×UabP ).
This is an inverse image of (xj)j≥0 in Λ(∆ × UP ). This construction also proves
the injectivity of the map.
To prove the second assertion we use the following exact sequence
0→ Ker(trP,P ′,j)→ Zp[∆× UabP /Z
pj ]/(pf+j)→ TP,P ′,j → 0.
Passing to the inverse limit over j gives
0→ lim
←−
j
Ker(trP,P ′,j)→ Λ(∆× U
ab
P )→ lim←−
j
TP,P ′,j → 0.
Exactness on the right is because all the abelian groups involved are finite. Hence
TP,P ′ ∼= lim←−
j
TP,P ′,j. 
Proposition 102. (Ritter-Weiss) For any j ≥ 0 and any positive integer k
divisible by [F∞(µp) : F∞], the natural surjection of Λ(∆ × UabP ) onto Zp[∆ ×
UabP /Z
pj ]/(pf+j), maps (1− u)ζP ∈ Λ(∆× U
ab
P ) to∑
x∈UabP /Z
pj
∆uP (δ
(x), 1− k)κ(x)−kx (mod pf+j).
In particular, we are claiming that the inverse limit is independent of the choice
of k. Also note that since x is a coset of Zf+j in ∆× UabP , the value κ(x)
k is well
defined only module pf+j.
Proof: Since ζP is a pseudomeasure, (1− u)ζP lies in Λ(∆× UabP ). We prove the
proposition in 3 steps: first we show that the sums form an inverse system. Second
we show that the inverse limit is independent of the choice of k. And thirdly we
show that it interpolates the same values as (1− u)ζP .
Step1: Let j ≥ 0 be an integer. Let
π : Zp[∆× UabP /Z
pj+1]/(pf+j+1)→ Zp[∆× UabP /Z
pj ]/(pf+j),
denote the natural projection. Then
π
( ∑
x∈∆×UabP /Z
pj+1
∆uP (δ
(x), 1− k)κ(x)−kx
)
=
∑
y∈∆×UabP /Z
pj
( ∑
x∈yZp
j
/Zp
j+1
∆uP (δ
(x), 1− k)κ(x)−kπ(x)
)
(mod pf+j)
=
∑
y∈∆×UabP /Z
pj
(
κ(y)−ky
∑
x∈Zp
j
/Zp
j+1
∆uP (δ
(x), 1− k)
)
(mod pf+j)
=
∑
y∈∆×UabP /Z
pj
∆uP (δ
(y), 1− k)κ(y)−ky(mod pf+j).
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Here the second equality is because for any x ∈ ∆ × UabP /Z
pj+1 we have κ(x)k ≡
κ(y)k(mod pf+j) if π(x) = y. This shows that the sums form an inverse system.
Step2: The inverse limit would be independent of the choice of k if we show
that for any two positive integers k and k′ divisible by [F∞(µp) : F∞], we have∑
x∈∆×UabP /Z
pj
∆uP (δ
(x), 1−k)κ(x)−kx ≡
∑
x∈∆×UabP /Z
pj
∆uP (δ
(x), 1−k′)κ(x)−k
′
x(mod pf+j).
Or equivalently that,
(17) ∆uP (δ
(x), 1− k)κ(x)−k ≡ ∆uP (δ
(x), 1− k′)κ(x)−k
′
(mod pf+j),
for all x ∈ ∆ × UabP /Z
pj . Choose a locally constant function η : ∆ × UabP → Z
×
p
such that η[F∞(µp):F∞] ≡ κ[F∞(µp):F∞](mod pf+j). Define the functions ǫk and ǫk′
from ∆× UabP to Qp by
ǫk =
1
pf+j
η(x)−kδ(x),
and
ǫk′ =
1
pf+j
η(x)−k
′
δ(x).
Then the function (ǫkκ
k−1 − ǫk′κk
′−1) takes values in Zp. Hence the congruence
(17) is satisfied by Deligne-Ribet ([8], theorem 0.4).
Step3: Let
ζu = lim←−
j≥0
( ∑
x∈∆×UabP /Z
pj
∆uP (δ
(x), 1− k)κ(x)−kx(mod pf+j)
)
∈ Λ(∆× UabP ).
Let ǫ be a locally constant function on ∆×UabP factoring through ∆×U
ab
P /Z
pj for
some j ≥ 0. Note that for every i ≥ j∑
x∈∆×UabP /Z
pi
∆uP (δ
(x), 1− k)ǫ(x)
=
∑
x∈∆×UabP /Z
pi
L(δ(x), 1− k)ǫ(x)−
∑
x∈∆×UabP /Z
pi
κ(u)kL(δ(x)u , 1− k)ǫ(x)
=
∑
x∈∆×UabP /Z
pi
L(δ(x), 1− k)ǫ(x)−
∑
x∈∆×UabP /Z
pi
κ(u)kL(δ(u
−1x), 1− k)ǫ(x)
=
∑
x∈∆×UabP /Z
pi
L(δ(x), 1− k)ǫ(x)−
∑
x∈∆×UabP /Z
pi
κ(u)kL(δ(x), 1− k)ǫ(ux)
= L(ǫ, 1− k)− κ(u)kL(ǫu, 1− k)
= ∆uP (ǫ, 1− k).
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Then by definition of ζu, for any i ≥ j, we have
ζu(κ
kǫ) ≡
∑
x∈∆×UabP /Z
pj
∆uP (δ
(x), 1− k)ǫ(x)(mod pf+i)
≡ ∆uP (ǫ, 1− k)(mod p
f+i).
On the other hand, by definition of the p-adic zeta function or the construction
of Deligne-Ribet (see discussion after theorem 0.5 in Deligne-Ribet [8]) we have
(1− u)ζP (κ
kǫ) = ∆uP (ǫ, 1− k).
Hence (1−u)ζP = ζu because they interpolate the same values on all on cyclotomic
twists of locally constant functions. This finishes the proof of the proposition. 
6.5. A sufficient condition to prove the basic congruences.
Lemma 103. Let y be a coset of Zp
j
in ∆ × UabP . Then for any u ∈ Z and for
any g ∈ G, we have
∆uP (δ
(y), 1− k) = ∆ugPg−1(δ
(gyg−1), 1− k).
Proof: It is sufficient to show that ζ(δ(y), 1−k) = ζ(δ(gyg
−1), 1−k) because of the
following:
∆uP (δ
(y), 1− k) = ζ(δ(y), 1− k)− κk(u)ζ(δ(y)u , 1− k),
∆ugPg−1(δ
(gyg−1), 1− k) = ζ(δ(gyg
−1), 1− k)− κk(u)ζ(δ(gyg
−1)
u , 1− k).
But
δ(y)u = δ
(u−1y) and δ(gyg
−1)
u = δ
(u−1gyg−1) = δ(gu
−1yg−1).
Now to show that ζ(δ(y), 1− k) = ζ(δ(gyg
−1), 1− k), note that for Re(s) > 1
ζ(δ(gyg
−1), s) =
∑
a
δ(gyg
−1)(ga)
N(a)s
=
∑
a
δ(y)(gag)
N(ag)s
= ζ(δ(y), s).
Since ζ(δ(ygy
−1), s) and ζ(δ(y), s) are meromorphic functions agreeing on the right
half plane, we deduce ζ(δ(gyg
−1), 1− k) = ζ(δ(y), 1− k), as required. 
Proposition 104. To prove the congruence (10) in proposition (96) it is sufficient
to prove the following: for any j ≥ 1 and any coset y of Zp
j
in ∆ × UabP fixed by
P ′ and any u ∈ Z
(18) ∆u
p
P (δ
(y), 1− k) ≡ ∆uP ′(δ
(y) ◦ verP
′
P , 1− pk)(mod pZp)
for all positive integers k divisible by [F∞(µp) : F∞].
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Proof: By lemma 102 the image of (1− up)ζP in Zp[∆× UabP /Z
pj ]/(pf+j−1) is
(19)
∑
y∈∆×UabP /Z
pj
∆u
p
P (δ
(y), 1− k)κ(y)−ky(mod pf+j−1).
And the image of (1− u)ζP ′ in Zp[∆× UabP ′/Z
pj−1]/(pf+j−1) is∑
x∈∆×Uab
P ′
/Zp
j−1
∆uP ′(δ
(x), 1− pk)κ(x)−pkx(mod pf+j−1).
Let VP,P ′ be the kernel of the homomorphism ver
P ′
P : U
ab
P ′ → U
ab
P . Then VP,P ′∩Z =
{1} which implies that the map
∆× UabP ′/VP,P ′Z
pj−1 → ∆× UabP /Z
pj
induced by verP
′
P is injective. Moreover κ(VP,P ′)
k = {1}. Hence the image of
verP
′
P ((1− u)ζP ′) = (1− u
p)verP
′
P (ζP ′) in Zp[∆× U
ab
P /Z
pj ]/(pf+j−1) is∑
x∈∆×Uab
P ′
/VP ′,PZ
pj−1
∆uP ′(δ
(x), 1− pk)κ(x)−pkverP
′
P (x)(mod p
f+j−1),
which can be written as
(20)
∑
y∈∆×UabP /Z
pj
∆uP ′(δ
(y) ◦ verP
′
P , 1− pk)κ(y)
−ky(mod pf+j−1)
because if y /∈ Im(verP
′
P ), then δ
(y) ◦ verP
′
P ≡ 0 and if y = ver
P ′
P (x), then κ(y)
k =
κ(x)pk. Subtracting (20) from (19) gives
(21)
∑
y∈∆×UabP /Z
pj
(
∆u
p
P (δ
(y)◦verP
′
P , 1−k)−∆
u
P ′(δ
(y), 1−pk)
)
κ(y)−ky(mod pf+j−1).
If y is fixed by P ′ then
(
∆u
p
P (δ
(y), 1 − k) − ∆uP ′(δ
(y), 1 − pk)
)
κ(y)−ky ≡ py ≡
0(mod TP,P ′,j) under equation (18). On the other hand if y is not fixed by P
′, then
the full y orbit of under action of P ′ in the above sum is∑
g∈P ′/P
(∆u
p
P (δ
(gyg−1), 1− k)−∆uP ′(δ
(y) ◦ verP
′
P , 1− pk))κ(gyg
−1)−kgyg−1
=
(
∆u
p
P (δ
(y), 1− k)−∆uP ′(δ
(y) ◦ verP
′
P , 1− pk)
)
κ(y)−k
∑
g∈P ′/P
gyg−1
∈TP,P ′,j.
The second equality is by lemma 103. Hence the sum in (21) lies in TP,P ′,j(mod p
f+j−1).
By lemma 101 (1− up)(ζP − verP
′
P (ζP ′)) ∈ TP,P ′. By as u is a central element con-
gruence (10) holds. 
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Remark 105. The proof of following three proposition is very similar to the above
proof.
Proposition 106. To prove congruence (11) in proposition (97) it is sufficient to
show the following: for any j ≥ 0 and any coset y of Zp
j
in ∆× UP whose image
in P is a generator of P , and any u ∈ Z
(22) ∆u
dP
P (δ
(y), 1− k) ≡ 0(mod |(WGP )y|Zp),
for all positive integers k divisible by [F∞(µp) : F∞].
Proof: Let v = udP . Then by lemma 102 the image of (1− v)ζP − ωkP ((1− v)ζP )
in Zp[∆× UP/Zp
j
]/(pf+j) is
(23)
∑
y∈∆×UP /Zp
j
∆vP (δ
(y), 1− k)κ(y)−k(y − ωkP (y))(mod p
f+j).
In the image of y in P is not a generator of P , then y − ωkP (y) = 0. For y whose
image in P is a generator of P , we look at the WGP orbit of y in expression (23).
It is ∑
g∈WGP/(WGP )y
∆vP (δ
(gyg−1), 1− p)κ(gyg−1)−k(gyg−1 − ωkP (gyg
−1)(mod pf+j)
=∆vP (δ
(y), 1− k)κ(y)−k
∑
g∈WGP/(WGP )y
(gyg−1 − ωkP (gyg
−1))
which lies in pTP,j under equation (22) and then the sum in expression (23) lies in
pTP,j. Then by lemma 101 (1− v)(ζP − ωkP (ζP )) ∈ pTP . As v is a central element
congruence (11) holds. 
Proposition 107. To prove congruence (12) in proposition (98) it is sufficient to
prove the following: for any j ≥ 0 and any coset y of Zp
j
in ∆ × UP , and any
u ∈ Z
(24) ∆u
dP
P (δ
(y), 1− k) ≡
∑
P ′
∆u
dP /p
P ′ (δ
(y) ◦ ϕ, 1− pk)(mod |(WGP )y|Zp),
for all positive integers k divisible by [F∞(µp) : F∞]. The sum in the congruence
runs over all P ′ ∈ C(G) such that P ′p = P and P ′ 6= P .
Proof: Let v = udP /p. By lemma 102 the image of (1 − vp)ζP in Zp[∆ ×
UP/Z
pj ]/(pf+j−1) is
(25)
∑
y∈∆×UP /Zp
j
∆v
p
P (δ
(y), 1− k)κ(y)−ky(mod pf+j−1).
And the image of (1− v)ζP ′ in Zp[∆× UP ′/Zp
j−1
]/(pf+j−1) is∑
x∈∆×UP ′/Z
pj−1
∆vP ′(δ
(x), 1− pk)κ(x)−pkx(mod pf+j−1).
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Let VP,P ′ be the kernel of the homomorphism ϕ : UP ′ → UP . Then VP,P ′∩Z = {1}
which implies that the map
∆× UP ′/VP,P ′Z
pj−1 → ∆× UP/Z
pj
induced by ϕ is injective. Moreover, κ(VP,P ′)
k = {1}. Hence the image of∑
P ′ ϕ((1− v)ζP ′) = (1− v
p)
∑
P ′ ϕ(ζP ′) in Zp[∆× UP/Z
pj ]/(pf+j−1) is∑
P ′
∑
x∈∆×UP ′/VP ′,PZ
pj−1
∆vP ′(δ
(x), 1− pk)κ(x)−pkϕ(x)(mod pf+j−1),
which can be written as
(26)
∑
y∈∆×UP /Zp
j
∑
P ′
∆vP ′(δ
(y) ◦ ϕ, 1− pk)κ(y)−ky(mod pf+j−1)
because if y /∈ Im(ϕ), then δ(y) ◦ ϕ ≡ 0 and if y = ϕ(x), then κ(y)k = κ(x)pk.
Subtracting (26) from (25) gives
(27)
∑
y∈∆×UP /Zp
j
(
∆v
p
P (δ
(y), 1−k)−
∑
P ′
∆vP ′(δ
(y) ◦ϕ, 1−pk)
)
κ(y)−ky(mod pf+j−1)
Now we take the orbit of y in the sum in (27) under the action of WGP . It is(
∆v
p
P (δ
(y), 1− k)−
∑
P ′
∆vP ′(δ
(y) ◦ ϕ, 1− pk)
)
κ(y)−k
∑
g∈WGP/(WGP )y
gyg−1
which lies in TP,j(mod p
f+j−1) under equation (24) and then the sum in expression
(27) lies in TP,j(mod p
f+j−1). Then by lemma (101) (1−vp)(ζP−
∑
P ′ ϕ(ζP ′)) ∈ TP .
As v is a central element congruence (12) holds. 
Proposition 108. To prove congruence (13) in proposition (99) it is sufficient to
prove the following: for any j ≥ 0, any coset y of Zp
j
in ∆× UP and any u in Z
(28) ∆u
pdP ′
P (δ
(y), 1− k) ≡ ∆u
dP ′
P ′ (δ
(y) ◦ ϕ, 1− pk)(mod |(NGP
′/P )y|Zp),
for all positive integers k divisible by [F∞(µp) : F∞].
To prove the congruence (14) in proposition (99) it is sufficient to show the
following: for any j ≥ 1, any coset y of Zp
j
in ∆× Zp and any u in Zp
(29) ∆u
p|G|
0 (δ
(y), 1− k) ≡ ∆u
|G|
{1} (δ
(y) ◦ ϕ, 1− pk)(mod p|G|Zp),
for any positive integer k divisible by [F∞(µp) : F∞].
Proof: We will only prove the first assertion. Proof of the second one exactly
the same. Let v = udP ′ . By lemma 102 the image of (1 − vp)ζP in Zp[∆ ×
UP/Z
pj ]/(pf+j−1) is
(30)
∑
y∈∆×UP /Zp
j
∆v
p
P (δ
(y), 1− k)κ(y)−ky(mod pf+j−1).
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And the image of (1− v)ζP ′ in Zp[∆× UP ′/Zp
j−1
]/(pf+j−1) is∑
x∈∆×UP ′/Z
pj−1
∆vP ′(δ
(x), 1− pk)κ(x)−pkx(mod pf+j−1).
Let VP,P ′ be the kernel of the homomorphism ϕ : UP ′ → UP . Then VP,P ′∩Z = {1}
which implies that the map
∆× UP ′/VP,P ′Z
pj−1 → ∆× UP/Z
pj
induced by ϕ is injective. Moreover κ(VP,P ′)
k = {1}. Hence the image of ϕ((1 −
v)ζP ′) = (1− vp)ϕ(ζP ′) in Zp[∆× UP/Zp
j
]/(pf+j−1) is∑
x∈∆×UP ′/VP ′,PZ
pj−1
∆vP ′(δ
(x), 1− pk)κ(x)−pkϕ(x)(mod pf+j−1),
which can be written as
(31)
∑
y∈∆×UP /Zp
j
∆vP ′(δ
(y) ◦ ϕ, 1− pk)κ(y)−ky(mod pf+j−1)
because if y /∈ Im(ϕ), then δ(y) ◦ ϕ ≡ 0 and if y = ϕ(x), then κ(y)k = κ(x)pk.
Subtracting (31) from (30) we get
(32)
∑
y∈∆×UP /Zp
j
(
∆v
p
P (δ
(y), 1− k)−∆vP ′(δ
(y) ◦ ϕ, 1− pk)
)
κ(y)−ky(mod pf+j−1).
Now for a fixed y ∈ ∆×UP/Zp
j
we take the orbit of y in this sum under the action
of N = NGP/P
′. It is(
∆v
p
P (δ
(y), 1− k)−∆vP ′(δ
(y) ◦ ϕ, 1− pk)
)
κ(y)−k
∑
g∈N/Ny
gyg−1
which lies in TP,NGP ′,j(mod p
f+j−1) under equation (28) and then the sum in (32)
lies in TP,NGP ′,j(mod p
f+j−1). Then by lemma (101) (1−vp)(ζP−ϕ(ζP ′)) ∈ TP,NGP ′.
As v is a central element congruence (13) holds. 
6.6. Hilbert modular forms. In this section we briefly recall the basic notions
in the theory of Hilbert modular forms. Let L be an arbitrary totally real number
field of degree r over Q. Let HL be the Hilbert upper half plane of L. Let Σ
be a finite set of finite primes of L containing all primes above p. Let κ be the
p-adic cyclotomic character of L. Let f be an integral ideal of L with all its prime
factors in Σ. We put GL+2 (L⊗ R) for the group of all 2× 2 matrices with totally
positive determinant. For any even positive integer k, the group GL+2 (L⊗R) acts
on functions f : HL → C by
f |k
(
a b
c d
)
(τ) = N (ad− bc)k/2N (cτ + d)−kf(
aτ + d
cτ + d
),
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where N : L⊗ C→ C is the norm map. Set
Γ00(f) = {
(
a b
c d
)
∈ SL2(L) : a, d ∈ 1 + f, b ∈ D
−1, c ∈ fD},
where D is the different of L/Q. A Hilbert modular form f of weight k on Γ00(f)
is a holomorphic function f : HL → C (which we assume to be holomorphic at ∞
if L = Q) satisfying
f |kM = f for all M ∈ Γ00(f).
The space of all Hilbert modular forms of weight k on Γ00(f) is denoted by
Mk(Γ00(f),C). Since f is invariant under the translation τ 7→ τ + b (for b ∈ D−1),
we may expand f as a Fourier series to get the standard q-expansion
f(τ) = c(0, f) +
∑
µ
c(µ, f)qµL,
where µ runs through all totally positive elements in OL and q
µ
L = e
2πitrL/Q(µτ).
6.7. Restrictions along diagonal. Let L′ be another totally real number field
containing L. Let r′ be the degree of L′ over L. The inclusion of L in L′ induces
maps HL
∗
−→ HL′ and SL2(L ⊗ R)
∗
−→ SL2(L′ ⊗ R). For a holomorphic function
f : HL′ → C, we define the “restriction along diagonal” RL′/Lf : HL → C by
RL′/Lf(τ) = f(τ
∗). We then have
(RL′/Lf)|r′kM = RL′/L(f |kM
∗),
for any M ∈ SL2(L ⊗ R). Let f be an integral ideal of L, then RL′/L induces a
map
RL′/L : Mk(Γ00(fOL′),C)→ Mr′k(Γ00(f),C).
If the standard q-expansion of f is
c(0, f) +
∑
ν∈O+
L′
c(ν, f)qνL′,
then the standard q-expansion of RL′/Lf is
c(0, f) +
∑
µ∈O+L
( ∑
ν:trL′/L(ν)=µ
c(ν, f)
)
qµL.
Here O+L and O
+
L′ denotes totally positive elements of OL and OL′ respectively.
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6.8. Cusps. Let AL be the ring of finite adeles of L. Then by strong approxima-
tion
SL2(AL) = Γ̂00(f) · SL2(L).
Any M ∈ SL2(AL) can be written as M1M2 with M1 ∈ Γ̂00(f) and M2 ∈ SL2(L).
We define f |kM to be f |kM2. Any α in A×L determines a cusp. We let
f |α = f |k
(
α 0
0 α−1
)
.
The q-expansion of f at the cusp determined by α is defined to the standard q-
expansion of f |α. We write it as
c(0, α, f) +
∑
µ
c(µ, α, f)qµL,
where the sum is restricted to all totally positive elements of L which lie in the
square of the ideal “generated” by α.
Lemma 109. Let f be an integral ideal in L. Let f ∈ Mk(Γ00(fOL′),C). Then
the constant term of the q-expansion of RL′/Lf at the cusp determined by α ∈ A×L
is equal to the constant term of the q-expansion of f at the cusp determined by
α∗ ∈ A×L′ i.e.
c(0, α, RL′/Lf) = c(0, α
∗, f).
Proof: The q-expansion of f at the cusp determined by α∗ is the standard q-
expansion of f |α∗ . Similarly, the q-expansion of RL′/Lf at the cusp determined by
α is the standard q-expansion of (RL′/Lf)|α. But (RL′/Lf)|α = RL′/L(f |α∗). 
6.9. A Hecke operator.
Lemma 110. Let β ∈ OL be a totally positive element. Assume that f ⊂ βOL.
Then there is a Hecke operator Uβ on Mk(Γ00(f),C) so that for f ∈Mk(Γ00(f),C)
has the standard q-expansion of f |kUβ is
c(0, f) +
∑
µ
c(µβ, f)qµL.
Proof: The claimed operator Uβ is the one defined by
(
β 0
0 1
)
. Then
Γ00(f)
(
β 0
0 1
)
Γ00(f) = ∪bΓ00(f)
(
1 b
0 β
)
.
where b ranges over all coset representatives of βD in D and the union is a disjoint
union. Define
f |kUβ(τ) = N (β)
k/2−1
∑
b
f |k
(
1 b
0 β
)
(τ),
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where b runs through the set of coset representatives of βD in D. Then
f |kUβ(τ) = N (β)
k/2−1
∑
b
f |k
(
1 b
0 β
)
(τ)
= N (β)k/2−1N (β)k/2N (β)−k
∑
b
f(
τ + b
β
)
= N (β)−1
∑
b
(
c(0, f) +
∑
µ
c(µ, f)e2πitrL/Q(µ(β
−1τ+β−1b))
)
= c(0, f) +N (β)−1
∑
µ
c(µ, f)e2πitrL/Q(µτ/β)(
∑
b
e2πitrL/Q(µb/β))
The sum
∑
b e
2πitrL/Q(µb/β) = 0 unless µ ∈ βOL. On the other hand, if µ ∈ βOL,
then
∑
b e
2πitrL/Q(µb/β) = N (β). Hence we get
f |kUβ(τ) = c(0, f) +
∑
µ
c(µβ, f)qµL.

6.10. Eisenstein series. The following proposition is proven by Deligne-Ribet
([8], proposition 6.1).
Proposition 111. Let LΣ be the maximal abelian totally real extension of L un-
ramified outside Σ. Let ǫ be a locally constant C-valued function on Gal(LΣ/L).
Then for every even positive integer k
(i) There is an integral ideal f of L with all its prime factors in Σ, and a Hilbert
modular form Gk,ǫ in Mk(Γ00(f),C) with standard q-expansion
2−rL(ǫ, 1− k) +
∑
µ
(∑
a
ǫ(ga)N(a)
k−1
)
qµL,
where the first sum ranges over all totally positive µ ∈ OL, and the second sum
ranges over all integral ideals a of L containing µ and prime to Σ. Here ga is the
image of a under the Artin symbol map. N(a) denotes norm of the ideal a.
(ii) Let q-expansion of Gk,ǫ at the cusp determined by any α ∈ A×L has constant
term
Nk((α))2−rL(ǫg, 1− k),
where (α) is the ideal of L generated by α and N((α)) is its norm. The element g
is the image of (α) under the Artin symbol map (see for instance 2.22 in Deligne-
Ribet [8]). The locally constant function ǫg is given by
ǫg(h) = ǫ(gh) for all h ∈ Gal(LΣ/L).
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6.11. The q-expansion principle. Let f ∈Mk(Γ00(f),Q)) i.e. c(µ, α, f) ∈ Q for
all µ ∈ O+L ∪ {0} and all α ∈ A
×
L . Suppose the standard q-expansion of f has all
non-constant coefficients in Z(p), Let α ∈ A×L be a finite adele. Then
c(0, f)−N(αp)
−kc(0, α, f) ∈ Zp.
Here αp ∈ L⊗Q Qp is the pth component of α and N : L⊗Q Qp → Qp is the norm
map. This is the q-expansion principle of Deligne-Ribet (see [8] 0.3 and 5.13-5.15).
Remark 112. Hence if u is the image in Gal(LΣ/L) of an ide`le α under the Artin
symbol map, then using the equation N((α))kN(αp)
−k = κ(u)k, we get
c(0, Gk,ǫ)−N(αp)
−kc(0, α, Gk,ǫ) = 2
−r∆u(ǫ, 1− k),
for any positive even integer k.
6.12. Proof of the sufficient conditions in section 6.5.
Proposition 113. The sufficient condition in proposition (104) for proving propo-
sition (96) holds. Hence M3 holds.
Proof: We must show that for any P ≤ P ′ ≤ Gp such that [P ′ : P ] = p and any
j ≥ 0, any coset y of Zp
j
in ∆ × UabP fixed by P
′ and any u in Z, we have the
congruence
∆u
p
P (δ
(y), 1− k) ≡ ∆uP ′(δ
(y) ◦ verP
′
P , 1− pk)(mod pZp),
for all positive integers k divisible by [F∞(µp) : F∞]. Choose an integral ideal f
of FP ′ such that the Hilbert Eisenstein series Gk,δ(y) and Gpk,δ(y)◦verP ′P
, given by
proposition (111), on HP and HFP ′ respectively are defined over Γ00(fOFP ) and
Γ00(f) respectively. Moreover, we may assume that all prime ideals dividing f lie
in ΣFP ′ and f ⊂ pOFP ′ . Define E by
E = RFP /FP ′ (Gk,δ(y))|pkUp −Gpk,δ(y)◦verP ′P
.
Let α ∈ A×FP ′ whose image in ∆×U
ab
P ′ under the Artin symbol map coincides with
u. Then by lemma 109 and remark 112
c(0, E)−N(αp)
−pkc(0, α, E)
= 2−rP∆u
p
P (δ
(y), 1− k)− 2−rP ′∆uP ′(δ
(y) ◦ verP
′
P , 1− pk).
Note that the image of α∗ in ∆ × UabP under the Artin symbol map is u
p. Since
2−rP ≡ 2−rP ′ (mod p) it is enough to prove, using the q-expansion principle that
the non-constant terms of the standard q expansion of E all lie in pZ(p) i.e. for all
µ ∈ O+FP ′
c(µ,E) = c(pµ,RFP /FP ′ (Gk.δ(y)))− c(µ,Gpk,δ(y)◦verP ′P
)
=
∑
(b,η)
δ(y)(gb)N(b)
k−1 −
∑
a
δ(y)(gaOFP )N(a)
pk−1 ∈ pZ(p)
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Here the pairs (b, η) runs through all integral ideals b of FP which are prime to
ΣFP and contains the totally positive element η ∈ OFP and trFP /FP ′ (η) = pµ. The
ideal a runs through all integral ideals of FP ′ prime to ΣFP ′ and contains µ. The
group P ′/P acts trivially on the pair (b, η) if and only if there is an a such that
aOFP = b and η ∈ OFP ′ . In this case
δ(y)(gb)N(b)
k−1 − δ(y)(gaOFP )N(a)
pk−1
=δ(y)(gb)(N(a)
p(k−1) −N(a)pk−1)
∈pZ(p).
On the other hand, if P ′/P does not act trivially on the (b, η), then the orbit of
(b, η) under the action of P ′/P in the above sum is∑
g∈P ′/P
(
δ(y)(ggbg
−1)N(bg)k−1
)
=|P ′/P |δ(y)(gb)N(b)
k−1
∈pZ(p).
Here in the second equality we use that δ(y)(ggbg
−1) = δ(y)(gb) because y is fixed
under the action of P ′. This proves the proposition. 
Lemma 114. Let P ∈ C(G) be such that there is no P ′ ∈ C(G) with P ′p = P .
Let P  N ≤ NGP . Then the image of the transfer homomorphism
ver : Nab → P
is a proper subgroup of P .
Proof: Recall the definition of transfer map. Let g ∈ N . Let {x1, . . . , xn} be the
double coset representatives 〈g〉\N/P . Let m be the smallest integer such that
gm = 1. Then a set of left coset representatives of P in N is
{1, g, . . . , gm−1, x1, gx1, . . . , g
m−1x1, . . . , xn, gxn, . . . , g
m−1xn}.
for all 0 ≤ i ≤ m− 1 and 1 ≤ j ≤ n, we define hij(g) ∈ P by
g(gixj) = g
i′xj′hij(g).
for a unique 0 ≤ i′ ≤ m− 1 and 1 ≤ j′ ≤ n. Then
hij(g) =
{
1 if i ≤ m− 2
x−1j g
mxj if i = m− 1
Hence ver(g) =
∏n
j=1 x
−1
j g
mxj . If g /∈ P then gm is not a generator of P because
of our assumption on P . Hence ver(g) is not generator of P . On the other hand
if g ∈ P then
ver(g) =
∏
x∈N/P
x−1gx.
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Since both P and N are p-groups, the action of N on the subgroup of order p of
P is trivial. If pr is the order of g then N acts trivially on gp
r−1
. Hence
ver(g)p
r−1
=
∏
x∈N/P
x−1gp
r−1
x =
∏
x∈N/P
gp
r−1
= 1.
Hence ver(g) is not a generator of P . 
Proposition 115. The sufficient condition in proposition (106) for proving propo-
sition (97) holds.
Proof: We must show that for any P ∈ C(G) such that there is no P ′ ∈ C(G)
with P ( P ′ and any j ≥ 0, any coset y of Zp
j
in ∆× UP whose image in P is a
generator of P and any u in Z we have
∆u
dP
P (δ
(y), 1− k) ≡ 0(mod |(WGP )y|Zp),
for any positive integer k divisible by [F∞(µp) : F∞]. Choose an integral ideal f of
OFWP such that the Hilbert Eisenstein series Gk,δ(y) over HFP , given by proposition
(111), is defined on Γ00(fOFP ). Define
E = RFP /FWP (Gk,δ(y)).
Then E is a Hilbert modular form of weight dPk on Γ00(f). Let α be a finite ide`le of
FWP whose image under the Artin symbol map coincides with u. Then by lemma
109 and remark 112, we have
c(0, E)−N(αp)
−dP kc(0, α, E) = 2−rP∆u
dP
P (δ
(y), 1− k).
Hence, using the q-expansion principle, it is enough to prove that the non-constant
terms of the standard q-expansion of E all lie in |(WGP )y|Z(p) i.e. for any µ ∈
O+FWP
,
c(µ,E) =
∑
(b,ν)
δ(y)(gb)N(b)
k−1 ∈ |(WGP )y|Z(p),
where (b, ν) runs through all integral ideals b of FP which are prime to ΣFP and
ν ∈ b is totally positive with trFP /FWP (ν) = dPµ. The group (WGP )y acts on the
pairs (b, ν). Let V be the stabiliser of (b, ν). Then there is an integral ideal c of
FV := F
V
P and a totally positive element η of OFV such that cOFP = b and ν = η.
If V is nontrivial group then δ(y)(gb) = 0 by lemma (114). On the other hand, if
V is trivial, then the (WGP )y orbit of (b, ν) in the above sum is∑
g∈(WGP )y
δ(y)(ggbg
−1)N(bg)k−1
=|(WGP )y|δ
(y)(gb)N(b)
k−1
∈|(WGP )y|Z(p).
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Here the second equality uses the fact that δ(y)(ggbg
−1) = δ(y)(gb) for any g ∈
(WGP )y. This proves the proposition. 
Proposition 116. The sufficient condition in proposition (107) for proving propo-
sition (98) holds.
Proof: We have to show that for any P ∈ C(G) such that there exists a P ′ ∈ C(G)
with P ′p = P , any j ≥ 0, any coset y of Zp
j
in ∆× UP and any u in Z, we have
∆u
dP
P (δ
(y), 1− k) ≡
∑
P ′
∆u
dP /p
P ′ (δ
(y) ◦ ϕ, 1− pk)(mod |(WGpP )y|Zp),
for any positive integer k divisible by [F∞(µp) : F∞]. The sum here runs through
all P ′ ∈ C(G) such that [P ′ : P ] = p.
Choose an integral ideal f of FWGP such that the Hilbert Eisenstein series Gk,δ(y)
and Gpk,δ(y)◦ϕ, given by proposition (111), on HFP and HFP ′ respectively are defined
over Γ00(fOFP ) and Γ00(fOFP ′) respectively for every P
′ ∈ C(G) such that [P ′ :
P ] = p. We may assume that all prime factors of f are in ΣFWGpP
and f ⊂
dPOFWGpP
. Define
E = RFP /FWGP (Gk,δ(y))|dP kUdP −
∑
P ′
RFP ′/FWGP (Gpk,δ(y)◦ϕ)|dP kUdP /p.
Then E ∈MdP k(Γ00(f),C). Let α be a finite ide`le of FWGP whose image under the
Artin symbol map coincides with u. Then by lemma 109 and remark 112
c(0, E)−N(αp)
−dP kc(0, α, E)
= 2−rP∆u
dP
P (δ
(y), 1− k)−
∑
P ′
2−rP /p∆u
dP /p
P ′ (δ
(y) ◦ ϕ, 1− pk).
As 2−rP ≡ 2−rP /p(mod rP ) and rP ≥ |(WGP )y|,
2−rP∆u
dP
P (δ
(y), 1− k)−
∑
P ′
2−rP /p∆u
dP /p
P ′ (δ
(y) ◦ ϕ, 1− pk)
≡2−rP
(
∆u
dP
P (δ
(y), 1− k)−
∑
P ′
∆u
dP /p
P ′ (δ
(y) ◦ ϕ, 1− pk)
)
(mod |(WGP )y|Zp).
Hence using the q-expansion principle it is enough to prove that the non-constant
terms of the standard q-expansion of E all lie in |(WGP )y|Z(p) i.e. for all totally
positive µ in OFWGP , we have
c(µ,E) = c(dPµ,RFP /FWGP (Gk,δ(y)))−
∑
P ′
c(dPµ/p,RFP ′/FWGP (Gpk,δ(y)◦ϕ))
=
∑
(b,η)
δ(y)(gb)N(b)
k−1 −
∑
P ′
∑
(a,ν)
δ(y)(gaOFP )N(a)
pk−1 ∈ |(WGP )y|Z(p).
Here the pair (b, η) runs through all integral ideals b of FP which are prime to ΣFP
and η ∈ b is a totally positive element with trFP /FWGP (η) = dPµ. The pair (a, ν)
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runs through all integral ideals a of FP ′ which are prime to ΣFP ′ and ν ∈ a is a
totally positive element with trFP ′/FWGP (ν) = dPµ/p. The group WGP acts on the
pairs (b, η) and (a, ν). Let V ⊂ (WGP )y be the stabiliser of (b, η). Then there is
an integral ideal c of FV := F
V
P and a totally positive element γ in OFV such that
cOFP = b and η = γ. Then the (WGP )y orbit of (b, η) in the above sum is∑
g∈(WGP )y/V
(
δ(y)(ggbg
−1)N(bg)k−1 −
∑
P ′
δ(y)(ggbg
−1)N(bg)pk−1
)
=|(WGP )y/V |δ
(y)(gb)
(
N(b)k−1 −N(b)pk−1
)
=|(WGP )y/V |δ
(y)(gb)
(
N(c)|V |(k−1) −N(c)|V |(pk−1)/p
)
∈|(WGP )y|Z(p).
Here in the first line P ′ runs through all P ′ ∈ C(G) with [P ′ : P ] = p such
that P ′/P ⊂ V . The second sum if 0 if V is trivial and in that case inclusion
in the last line is trivial. The first equality uses δ(y)(ggbg
−1) = δ(y)(gb) as g ∈
(WGP )y. The last inclusion is because N(c)
|V | ≡ N(c)|V |/p(mod |V |). This proves
the proposition. 
Proposition 117. The sufficient conditions in proposition (108) for proving propo-
sition (99) hold.
Proof: We just prove the sufficient condition for congruence (13). Proof of the
other sufficient condition in proposition (108) is similar. We must show that for
any P ∈ C(G) and any P ′ ∈ C(G) such that [P ′ : P ] = p, for any j ≥ 0, any coset
y of Zp
j
in ∆× UP and any u in Z
∆u
pd
P ′
P (δ
(y), 1− k) ≡ ∆u
d
P ′
P ′ (δ
(y) ◦ ϕ, 1− pk)(mod |(NGP
′/P )y|Zp),
for any positive integer k divisible by [F∞(µp) : F∞].
Choose an integral ideal f of FWGP ′ such that the Hilbert Eisenstein series Gk,δ(y)
and Gpk,δ(y)◦ϕ, given by proposition (111), on HFP and HFP ′ respectively are defined
over Γ00(fOFP ) and Γ00(fOFP ′). Moreover, we may assume that all prime factors
of f are in ΣFWGP ′
and f ⊂ pdP ′OFWGP ′ . Define
E = RFP /FWGP ′
(Gk,δ(y))|pdP ′kUpdP ′ − RFP ′/FWGP ′
(Gpk,δ(y)◦ϕ)|pdP ′kUdP ′ .
Then E ∈ MpdP ′k(Γ00(f),C). Let α be a finite ide`le of FWGP ′ whose image under
the Artin symbol map coincides with u. Then by lemma 109 and remark 112
c(0, E)−N(αp)
−pdP ′c(0, α, E) = 2−rP∆u
pdP ′
P (δ
(y), 1− k)− 2−rP ′∆u
dP ′
P ′ (δ
(y), 1− pk).
As 2−rP ≡ 2−rP ′ (mod rP ) and rP ≥ |(NGP ′/P )y|,
2−rP∆u
pd
P ′
P (δ
(y), 1− k)− 2−rP ′∆u
d
P ′
P ′ (δ
(y), 1− pk)
≡2−rP
(
∆u
pd
P ′
P (δ
(y), 1− k)−∆u
d
P ′
P ′ (δ
(y), 1− pk)
)
(mod |(NGP
′/P )y|Zp).
86 IWASAWA THEORY FOR TOTALLY REAL FIELDS
Hence using the q-expansion principle it is enough to prove that the non-constant
terms of the standard q-expansion of E all lie in |(NGP ′/P )y|Z(p) i.e. for all totally
positive µ in OFWGP ′
we have
c(µ,E) = c(pdP ′µ,RFP /FWGP ′
(Gk,δ(y)))− c(dP ′µ,RFP ′/FWGP ′ (Gpk,δ(y)◦ϕ))
=
∑
(b,η)
δ(y)(gb)N(b)
k−1 −
∑
(a,ν)
δ(y)(gaOFP )N(a)
pk−1 ∈ |(NGP
′/P )y|Z(p).
Here the pairs (b, η) runs through all integral ideals b of FP which are prime to
ΣFP and η ∈ b is a totally positive element with trFP /FWGP ′
(η) = pdP ′µ. The pairs
(a, ν) runs through all integral ideals a of FP ′ which are prime to ΣFP ′ and ν ∈ a
is a totally positive element with trFP ′/FWGP ′
(ν) = dP ′µ. The group NGP
′/P acts
on the pairs (b, η) and (a, ν). Let V ⊂ (NGP ′/P )y be the stabiliser of (b, η). Then
there is an integral ideal c of FV := F
V
P and a totally positive element γ of OFV
such that cOFP = b and η = γ. First assume that V is a non-trivial group. Then
the (NGP
′/P )y orbit of (b, η) in the above sum is∑
g∈(NGP ′/P )y/V
(
δ(y)(ggbg
−1)N(bg)k−1 − δ(y)(ggbg
−1)N(bg)pk−1
)
=|(NGP
′/P )y/V |δ
(y)(gb)
(
N(b)k−1 −N(b)pk−1
)
=|(NGP
′/P )y/V |δ
(y)(gb)
(
N(c)|V |(k−1) −N(c)|V |(pk−1)/p
)
∈|(NGP
′/P )y|Z(p).
On the other hand if V is a trivial group then the (NGP
′/P )y orbit of the pair
(b, η) in the above sum is∑
g∈(NGP ′/P )y
δ(y)(ggbg
−1)N(bg)k−1 = |(NGP
′/P )y|δ
(y)(gb)N(b)
k−1.
In both cases the first equality uses δ(y)(ggbg
−1) = δ(y)(gb) for g ∈ (NGP ′/P )y. In
the first case we also use the fact that N(c)|V | ≡ N(c)|V |/p(mod |V |). This proves
the proposition. 
6.13. Proof of M4. from the basic congruences. We have proved the basic
congruences in previous subsections. We want to deduce M4 from these congru-
ences. However, we cannot do it directly for the extension F∞/F . We use the
following trick: we extend our field slightly to F˜∞ ⊃ F∞ such that F˜∞/F is an ad-
missible p-adic Lie extension satisfying µ = 0 hypothesis and Gal(F˜∞/F ) = ∆×G˜
with G˜ ∼= H˜ × G, where H˜ is a cyclic group of order |G|. We know the basic
congruences for F˜∞/F which we use to deduce the M4 for F˜∞/F . This proves the
main conjecture for F˜∞/F and hence implies the main conjecture for F∞/F .
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6.13.1. The field F˜∞. Choose a prime l large enough such that l ≡ 1(mod |G|)
and Q(µl) ∩ F∞ = Q. Let K be the extension of Q contained in Q(µl) such that
[K : Q] = |G|. Define F˜ = KF and F˜∞ = F˜F∞. Then
Gal(F˜∞/F ) = Gal(F˜ /F )×Gal(F∞/F ) =: H˜ ×∆× G =: G˜.
Then define G˜ = G˜/Z ∼= H˜ ×∆×G.
6.13.2. A key lemma. We extend the field F∞ to F˜∞ as we need the following key
lemma. For any P ∈ C(G˜), define the integer iP by
iP = maxP ′∈C(G˜){[P
′ : P ]|P ⊂ P ′}
Lemma 118. Let P ∈ C(G˜). If P 6= {1}, then
TP ⊂ pi
2
PΛ(∆× UP )
Clearly
T{1} = |G˜|Λ(∆× Z).
Similar statement holds for TP,S and T̂P .
Proof: Case 1: P ⊂ H˜. Then iP = [H˜ : P ] and NG˜P = G˜ acts trivially on
Λ(∆× UP ). Hence
TP = [G˜ : P ]Λ(∆× UP ) = |G|[H˜ : P ]Λ(∆× UP ).
If P 6= {1}, then |G| ≥ piP . Hence the claim.
Case 2: P * H˜. Let P be generated by (h˜, h), with h˜ ∈ H˜ and h ∈ G. By
assumption h 6= 1. Let P ′ ∈ C(G˜) such that [P ′ : P ] = iP . Let (h˜0, h0) be a
generator of P ′ such that h˜iP0 = h˜ and h
iP
0 = h. Now note that
H˜ × 〈h0〉 ⊂ NG˜P
acts trivially on Λ(∆× UP ). As P ⊂ H˜ × 〈h0〉 this implies that
TP ⊂
|H˜ × 〈h0〉|
|P |
Λ(∆× UP )
=
|H˜||〈h0〉|
|P |
Λ(∆× UP )
= |H˜|iPΛ(∆× UP )
⊂ pi2PΛ(∆× UP ).
The last containment holds because |H˜| ≥ piP . The same proof goes through for
the statement about TP,S and T̂P . 
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6.13.3. Completion of the proof.
Lemma 119. For any P ∈ C(G˜) and any 0 ≤ k ≤ p− 1, we have
ζP − ω
k
P (ζP ) ∈ p
TP,S
iP
.
Hence ζpP/
∏p−1
k=0 ω
k
P (ζP ) ∈ 1 + pTP,S/iP .
Proof: We use reverse induction on |P |. When P is a maximal cyclic subgroup
iP = 1 and the required congruence is proven in proposition 97. In general we use
the congruence in proposition 98 so that
ζP − ω
k
P (ζP ) ≡
∑
P ′
(
ϕ(ζP ′)− ω
k
P (ϕ(ζP ′))
)
(33)
=
∑
P ′
ϕ(ζP ′ − ω
k
P ′(ζP ′))(mod pTP,S),(34)
for appropriately chosen ωP and ωP ′. But by induction hypothesis
ζP ′ − ω
k
P ′(ζP ′) ∈ p
TP ′,S
iP ′
.
Now for any P ′ ∈ C(G˜) such that [P ′ : P ] = p, note that
ϕ(
∑
x∈NG˜P/NG˜P
′
xTP ′,Sx
−1) ⊂
TP,S
p
.
This finishes the proof of the first assertion noting that iP = piP ′. Hence
ζpP ≡
p−1∏
k=0
ωkP (ζP )(mod pTP,S/iP ).
But since both sides of the congruence are invariant under the action ofGal(Qp(µp)/Qp),
we get
ζpP ≡
p−1∏
k=0
ωkP (ζP )(mod pTP,S/iP ).

Hence
log(
ωkP (ζP )
ζP
) ≡ 1−
ωkP (ζP )
ζP
mod (pT̂P/iP )
2,
which implies
log
(∏p−1
k=0 ω
k
P (ζP )
ζpP
)
≡
pζP −
∑p−1
k=0 ω
k
P (ζP )
ζP
(mod (pT̂P/iP )
2).
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Then
log
( ∏
P ′ ϕ(αP ′(ζP ′))
ζpP/
∏p−1
k=0 ω
k
P (ζP )
)
≡
∑
P ′
(pϕ(ζP ′)−∑p−1k=0 ωkP (ϕ(ζP ′))
ϕ(ζP ′)
)
−
(pζP −∑p−1k=0 ωkP (ζP )
ζP
)
≡
∑
P ′
(pϕ(ζP ′)−∑p−1k=0 ωkP (ϕ(ζP ′))
ϕ(ζP ′)
)
−
∑
P ′
(pϕ(ζP ′)−∑p−1k=0 ωkP (ζP ′)
ζP
)
≡
∑
P ′
(pϕ(ζP ′)−
∑p−1
k−0 ω
k
P (ϕ(ζP ′)))(ζP − ϕ(ζP ′))
ζPϕ(ζP ′
(mod pT̂P ).
Here we use (pT̂P/iP )
2 ⊂ pT̂P as implied by lemma 118. The second congruence
above uses congruence 34. Now note that
pϕ(ζP ′)−
p−1∑
k=0
ωkP (ϕ(ζP ′)) ∈ pϕ(T̂P ′/iP ′) (by lemma 119)
and
ζP − ϕ(ζP ′) ∈ T̂P,NG˜P ′ (by congruence (13) and (14)).
Hence
(
pϕ(ζP ′)−
p−1∑
k=0
ωkP (ϕ(ζP ′))
)(
ζP − ϕ(ζP ′)
)
∈ pϕ(T̂P ′/iP ′)T̂P,NG˜P ′ ⊂ pT̂P,NG˜P ′.
Which in turn implies that
∑
P ′
(
(pϕ(ζP ′)−
p−1∑
k−0
ωkP (ϕ(ζP ′)))(ζP − ϕ(ζP ′))
)
∈ pT̂P .
Hence
log
( ∏
P ′ ϕ(αP ′(ζP ′))
ζpP/
∏p−1
k=0 ω
k
P (ζP )
)
∈ pT̂P .
As log induces an isomorphism between 1 + pT̂P and pT̂P , we have∏
P ′ ϕ(αP ′(ζP ′))
ζpP/
∏p−1
k=0 ω
k
P (ζP )
∈ 1 + pT̂P .
But by lemma 119
∏
P ′ ϕ(αP ′ (ζP ′))
ζpP /
∏p−1
k=0 ω
k
P (ζP )
∈ 1 + pTP,S/iP and
1 + pT̂P ∩ 1 + pTP,S/iP = 1 + pTP,S.
Hence ∏
P ′ ϕ(αP ′(ζP ′))
ζpP/
∏p−1
k=0 ω
k
P (ζP )
∈ 1 + pTP,S.
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When P 6= {1}, this is the required congruence M4. When P = {1}, note
that
∏p−1
k=0 ω
k
{1}(ζ{1}) = ζ0. This can be seen either by interpolation properties
of
∏p−1
k=0 ω
k
{1}(ζ{1}) and ζ0 or by lemma 50. Hence we get∏
P ′ ϕ(αP ′(ζP ′))
ζp{1}/ζ0
∈ 1 + pT{1},S.
Now use the basic congruence (14) which says ζ0 ≡ ϕ(ζ{1})(mod p|G˜|). Note that
T{1},S = |G˜|Λ(∆× Z)S. Hence∏
P ′ ϕ(αP ′(ζP ′))
ζp{1}/ϕ(ζ{1})
∈ 1 + pT{1},S.
This is M4 for P = {1}. This finishes proof of the main theorem 11.
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